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AbSTRaCT 


The desired response of a lovical network can be expressed 
as a one colurin matrix of vistable elements, defining the "functicn" 
of the network. To date inethods cf logical network synthesis and 
simplification have been concerned with manipulations cf the net- 
work inputs. This investigation treats with the network design as 
a manivulaticn of symuetrical properties of the function itself. It 
will be shown that this treatment not only leads to a logical ex- 
pression for the network confgguraticn, but can also nrovide aclue 
to uesirable pronerties of circuit elenents not yet designed. As 
develorea, the network representaticn will take the form of con- 
ventional ani-or gating plus a pnostulated comrlementing device. 

The investigation was performed at Litton Industries, Canoga 
Park, California, @vring the veriod January to March, 1960, while 
the antnor was a stedent at the U. S. Naval Postgraduate School, 
Monterey, California. 

The writer wishes to express his avpreciaticon for the assistance 
and enccuragement given rin by Professors Mitchell L. Cotton and 
Joun B. iurner, Jr. of the U. S. Naval Postgraduate School anl py 


J. Robert Logan of Litton Industries in this investigation. 
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1. Intreduction 

Modern Weapon systems are demanding the development of larger, 
more complex date handling and data processing equipments capable 
of collecting, evaluating and acting on large quantities of infor- 
mation, As a result of these requirements the processing equipments 
themselves are presenting design problems similar to those originally 
bringing them into existence, i.@, processing large amounts of data 
to permit decision making, The logical designer is being forced more 
and more from a creative position into one of performing a large 
number of rather menial Btsioy From a practical viewpoint it is 
apparent that methods must be developed which can shift the major 
burden of the design details from humans to automated programs, 

Of the machines available to assist in such a program the flexibili- 
ties, capacities and speed of large scale digital c omputers make 
them the natural tools to employ. Some progress has already been 
achieved in providing time saving techniques to unburden logical 
designers, but most of the problems require clearer formulation 
before machine methods can be employed, 

Litton Industries Programming Research Group is actively engaged 
in investigations directed to extend this concept of machines design- 
ing machines, More specifically present research studies are con- 
cerned with the transformations which take place when the defining 


mathematical equations are carried into logical expressions, Since 


Combination of computers and machines 





these expressions provide specifications for final hardware configu- 
rations, methods are being sought which would permit the logical 
designer to force the form of the final networks. However, before 
processors or computer programs can be devised we must learn more 
about the transformation process in general, the constraints in- 
volved in logical instrumentation and the properties of the system 
which influence the hardware configurations, 

The first part of this thesis presents the results of a review 
to determine whether or not existing transformation or logical re- 
duction techniques can te applied to the mechanization prozram, This 
includes a summary of the basic techniques which have already befn 
used in automatic methods as well as those which are of a more theo- 
retic nature. We will be able to arrive at a set of constraints which 
should be included in the logical desigm process and determine whether 
or not present methods are capable of handling these constraints, It 
is because we anticipated that present techniques are inadequate and 
cannot be used for general mechanization that an independent investi- 
gation has been undertaken to study a different property of the desired 
output response functions. A basis is established for defining the 
symmetric characteristic of these functions and processing techniques 
are developed which enable us to apply the results as hardware 
specifications. Finally an unrefined technique for marrying the 
symmetrical properties with other processes is developed which in 
special cases provides simplified logical expressions, The final re- 


duction is offered without specifying a reduction criterion, 








The present studies have been limited to the parallel opera- 
tion concept with only brief mention of the application cf time- 


sharing logical elements, 





@e The process of designing logical systems 

It is intended that this section provide a description in 
general terms! of the requirements placed on a typical logical design 
groupe In addition, it will be shown how the use of computing 
machines is being broadened to cope with the innumerable details 
involved. Three distinct steps are required for the presentation 
of the development. They are: 

A. system concept 

Be System design 

C. System construction 
A. System concept 

In the beginning, some real need must exist. ‘This might be a 
requirement to have a large tactical data system, an automatic con- 
trol system to operate traffic lights in a large metropolitan area, 
or automation in an industrial application. Whatever the require- 
ment the "system analysis group" will represent the problem 
exactly by a set of mathematical equations, usually containing 
numerous continuous or transcendental functions. ‘Since we are really 
approximating a natural problem in a relatively discreet world, by 
continuous functions, the initial equations will contain some 
inherent error. In his attempt to simplify the problems associated 
with the design, and for economic reasons, the systems analyst will 
now create another, simpler set of approximations presumably sti11 
within the limits of his specifications. 
lror a more detailed treatment from a different soit of view, 

the reader should refer to reference 15 of the Bibliography. 

M. Phister carries through the details of an approach to this 


problem. 


h 





this reduced set of mathematical equations may still contain 
some transcendental functions, bul is now far more compatible with 
the intended processing equipment. It is expected that at all times 
the latest "state of art" is a governing feature, 

At this stage the necessity cf representing these functions in 
a form svitable to digital cperation may have introduced of itself 
another genus of errors. This is the type of error which emerges 
from round-off and truncation at series cut-off points. One must 
remember that the equations which make up the final set are the 
equations with which the lorical designer must deal. Note that we 
have accumulated a combination of errors from: 

1. The initial statement of the problem by a group of trans- 

cendental equations. 

ee Fitting the prcblem to the tolerance of the specifications + 

3. Computational noise. 

Although the individual errors may themselves be small, the 
combination might well place us beyond the limits of the system 
tolerance. 

In order to detcrmine the suitability of his final system of 
equations, the systems analyst resorts to a process of Analytic Sim- 
lation which is a study of the mathematical characteristics of the 
proposed system. These characteristics exist in the form of the 
final defining equations and the constraints imposed by the necessary 
15 would be unreasonable to design a system to provide accuracies 


within one tenth of one degree if accuracies of one degree were 
acceptable. 








accuracies demanded in the system. The results of Analytic 
Simulation nay be obtained bj computer techniques which produce error 
curves showing nearness of fit, parameter evaluations, or even 
implicit suggestions as to re-statement of the analytic circumstances. 
Only when he has such evidence as to the validity and consistency of 
his expressions can the system analyst be sure of his efforts. 
B. System Design 

When the analysis group has developed the mathematical equations 
the logical designer has a foundation on which to build the detailed 
systen desimm. Dvring the dessa process he must operate in close 
contact with programmers and component engineers to maintain system 
continuity and an mvareness of constraints imposed on the design. 
He must also be capable of utilizing the latest state of art 
developments. 

in recent years more orcanizations are becoming conscious of 
the need to have the rrocrammer and lozicil designer work together. 
This results from the fact that even though digital processing 
devices are designed for special purposes and are referred to as 
"special purpose machines", they are actually general purpose 
machines operating under a fixed program. Therefore, this close tie 
between prosrammer and losical designer must exist to insure an 
optimin balance between portions of the design which will be pro- 
grammed and those which will be accomplished by logic alone. This, 
in itself, represents a vast area open to research and in the 
eventual scheme should be considered as one of the constraints in 


the lo¢ical design mechanization problem. 





rinally, having applied some form cf methodological approach to 
their problem and the existing constraints, the losical designer—pro- 
grammer team will arrive at a balance between program and a set of 
Simple arithmetic operations which. ¢in eventually be represented by 
logical equations. 

Before proceeding, a second method of sinulation, which we will 
call Munctional Simulation, can be brought to bear at this point to 
ascertain the realizability of the design. Functional Similation 
might be likened to imposing a set of inout conditions upon a 
“plack box", capable of performing a set of specified functions, and 
examining the outout. Thus the simulator acts like a transform | 
defined by the operations «ve wish to perform but arranged such that 
the internal steps might be obscured. 

As with the Analytic Simlation, we resort to the seneral purpose 
computer to perform the functions of the black box. Data represent 
ing designed srogram orders is fed into the computer by standard tape 
or card methods after the computer has beon correctly programied. 
several categories of programs exist for setting up, or condi tioning: 
computers for functional simulaticn; but the most fresuently used 
is the interpretive program [1] . hen functicnal simulation has 
been corplcted it is possible to cecide whether or not the combine 
ation of program and logic is suitable. In addition, the legical 
designer can examine the detaiis of the computer's memory and deter- 
rine how the simulation was carried through. This may provide the 
=i setting up process by which we make the computer respond to 


stimuli in the same manner as the transform of the black box 
to its input variables. 
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basic building blocks required to develop a logical network for the 
2ctual system. 

Regardless of the amounts of information supplied by the sin- 
ulation process the logical designer must still call on his own memory, 
and by ingenuity and mental correlation arrive at a system of logical 
equations defining the system. The following sections will reflect 
the inadequacies of the automatic processes currently available to 
the logical designer which enables him to determine whether or not the 
system of equations are ee in simplest form with regard to 


imposed constraints. At most, it should be evident that the road to 





arrive at the end equations can be a long,tedious one, full of indecision, 
and little assurance at the end whether or not the equations truly 
represent the systen. 

A powerful tool, not in general use, but available, is the third 
form of simlation, Operational Simulation. This was developed to 
provide a means by which the system represented in the form of a set 
of logical equations might be studied. The Operational Simulator is 
a computer program capable of providing an output which displays the 
state of each logical component (flip-flops, amplifiers, etc.) for 
each clock pulse over a completed system of logical equations. As 
such, the logical designer can use this material to determine whether 
or not the logic has given the desired systems responses, and if not, 
where breakdown has occurred. In this way the design is continuously 
updated wmmtil the final logical network has been determined. 

Ime one being considered here is a program developed by the 


Programming Nesearch Group of Litton Industries for use with the 
IBM 650 computer. 





C. System Construction 

It is interesting to note that mechanization has been carried 
beyond this stage in some of the more recent problems to provide 
through the use of programs actual wiring instructions to be used 
on the assembly line. As it stands, the general method of deter- 
mining the wiring lists involves many manual and off-line machine 
processes, and in the end there is no complete assurance that an 
optimum wiring pattern has resulted. This area represented the 
largest single bottleneck in the recent past and as a consequence 
received a relatively large amount of attention. Improved techniques 
have sufficiently relieved the pressures of the wiring problem to 
enable a re-aportionment of effort to the immediate problems assoc- 
iated with the development of reduced logical equations. 

A final step in the process which bears mention will be the 
evolution of maintenance and check-out procedures. in general, 
this is another aspect of the operational simlator output which can 
be regarded as an absolute reference for hardware comparison. 

This can be made a part of the process whereby wiring instructions 
are obtained, but for the present it is sufficient to consider it 
as another constraint which might eventually be imposed upon the 


mechanized process. 





3, Foundation for logical reduction, 

Having considered the problems associated with the overall 
digital design process, we should now examine the means available 
to the logical designer by which he can effect some reduction of 
the equations representing the processing equipment, This will 
form a basis for later discussions concerning the inadequacies 
of these methods, and the characteristics we hope will be a func- 
tional part of future methods, However, before describing the 
techniques themselves it is necessary that we establish the mathe- 
matics used to define digital networks, 

These networks could be instrumented in a number of ways, 
For example, we might remain in our familiar number system based 
on the radix ten and require that the logic be capable of operat- 
ing at ten separate, well defined levels, This obviously leads 
to a host of engineering problems; and, although some systems 
have actually been constructed to operate in this manner, the 
demands for greater and greater reliabilities has resulted in 
nearly exclusive use of the binary system. In other words, the 
current state of the art permits us to construct near perfect 
binary elements such as relays and flip-flops, whereas ten level 
elements, or configurations designed to provide ten levels, are 
somewhat inferior. Therefore, since it is possible to represent 
any decimal number by a combination of the ones and zeros from 
the binary number system, the trend has been to use binary levels 


in all logical design, 





The basic operations of "and" and "or" symbolized by (+) and 


(+) respectively can be summarized by the following tables: 





In addition to these operations we shall make use of the opera- 
tion prime (') defined by 
OS: Fw 


De 6 


Having established the elements which will make up our lang- 
uage, we should next expand its use to permit conversation. In the 
logical design process this can be done via the medium of logical 
equations or by more complicated pictorial methods, 

In 1854, George Boole, an English Mathematician, published his 
now Classic book, "An Investigation into the Laws of Thought", on 
wnich are founded the mathematical theories of Logic and Probabili- 
ties | 2 - During this work, he developed a "logical algebra" 
which has subsequently led mathematicians to develop several new 
areas of mathematics, Two of these are "Prepositional Calculus" 
and "The Algebra of Classes", The algebra now used in the design 
of logical networks is commonly referred to as "Boolean Algebra" 
Since it too has evolved from Booles logical algebra, 

Boolean algebra was first brought to bear on problems which 


concerned themselves with the design of relay switching circuits 





by C, E. Shannon in 1938 [3 | while he was working as a research 
assistant at the Massachusetts Institute of Technology. Because 
of the analogous relationship existing between the actions of 
relays and those of transistors, tne same techniques are now 
being used in the design of present day logical circuits, 

There are several advantages in having a mathematical tech- 
nique such as the Boolean algebra which can be used to represent 
the switching circuits of a logical design, It is much easier to 
represent a circuit symbolically as a set of equations rather than 
by schematics or logical Be ae: Also, being an algebra, a set 
on pectuiletenr have been developed from whicn rules and identities 
have become available for the manipulation of the Boolean expres- 
sions, Tnus, it is possible by proper manipulations to reduce or 
simplify expressions initially developed by the logical designer, 
and as we started out to show, it is possible to formulate the 
network and reduce the logical equations by formal reduction tech- 
niques. However, as the number of inputs and outputs is increased, 
the complexity of these equations increases even faster, and it 
soon becomes almost impossible to carry out the indicated opera- 
tions with existing techniques, 

Now that it has been established that we will be dealing 
with the binary number system and Boolean algebra through its 
identities it is possible to define the expressions generated 


by logical design. We note that the expressions describing the 


1 See Appendix A 
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desired output results from some form of truth table representing 
all possible configurations of the input variables, These expres~ 
sions, or functions, as they will be defined, can be used to write 
directly the logical equations whicn conpletely describe the out- 
put. Having been written directly they contain all the redundan- 
cies of the truth table and of the function, as well as redundan- 
cies wnich result from forbidden states, Looking at the simplest 
form of truth table, that for two variables "a" and "b", we can now 


develop the equations representing the functions F and F', 


_* 
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Consider the case where there is an output only if the variables 
assume the configuration Ol, it is apparent that the variable "a" 
must be in the nigh or "true" state while "b" is in the low or 
"false" state, There are no other configurations for which an 
output is desired, Therefore, we might write directly that F is 
equal to "a" and "bu, where "a" implies that "a" exists in the 

true state and npn implies that "b " is false. More compactly, the 


"logical equation" night be written, 
F * ab! 


If the function F contained additional ones, more terms would re- 
sult (e.g. F' = a'b! + abt), Hence we have inductively defined a 


logical equation to be a mathematical equality which represents the 


is 








desired output function in terms of the sum of products of the in- 
put variables, This is the "canonical form" | | of the function 
expressed as the sum of minterns. : 
It should be pointed out that it is also possible to express 
the function as a product of maxterms, In this case F and F!? 
become: 
F =e +b) (@+ bt) (at + bt) 


FI= (a + bt) (at + bt) 


However, all reduction processes which have been widely accepted 
[4,5,7,8| restrict themselves to manipulation of minterms since 
they are somewhat easier to handle, 

Applying some of the Boolean identities we immediately ob- 
serve that the minterm expression of F' might be reduced and merely 
written as b', This suggests that we look for a general technique 
for carrying out the reduction of expressions resulting directly 
from truth tables and to formulate the process, 

The problem immediately arises concerning the necessary cri- 
terion to apply in order to ascertain what constitutes "reduction" 
or "simplification", This is where we might consider all of the 
individual function, component, system and engineering constraints, 
to determine the manner in which they should contribute to the final 
logic, From these studies, a set of rules could be formulated 
Which might be applied mechanically in the reduction scheme, 
Unfortunately, what is postulated here has not been done, but 
rather the resultant criterion have been very basic, This is most 


certainly true of the mechanizable schemes, The more complex 


Ly 
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constraints are generally, if at all, applied through the genius 


of the logical designer. 








lh. Boolean logical reduction techniques 
Now, let us consider what can be done to reduce logical equations. 
Several well known techni. ues have been advanced which have in common 
the ability to produce a reduced logic using the diode "and" and "or" 
circuits as the basis for minimization. The three principal reasons 
offered for having resorted to these criteria are: 
(1) Diode circuits are widely used in digital circuit design. 
(2) It is possible to describe a straight-forward and practical 
procedure for arriving ata second-order" expression of 
a given function which is simpler (or as simple as) any 
other second-order expression for this function in terms 
of the number of diodes used. 
(3) They mi ht be easily compared cost-wise with similar 
circuits. 
Methods using the above criteria as a basis for determining a 
reduced logical expression can be categorized into three groups. 
A. The trial and error method of simplification 
Be We. V. Quine method [5, 6] of simplification 
Ce Methods based on the Quine Technique of simplification 
A. Trial and Error Method 
The effectiveness of trial and error methods depends largely on 
the knowledge, judgment and ingenuity with which the logical designer 


is able to apply the Boolean postulates and identities. As the name 


: The order of the expressions or level of the logic as it is more 


commonly called is determined by the number of "and" and "or" 
gates through which a given signal must pass. 


16 








implies, no hard and fast set of rules has been established by which 
the indicated manipulations might be performed. Also, after simpli- 
fication there is no assurance that the result is truly a minimal 
two-level logic. In most cases, it is not obvious that reduction is 
even possible without first rearranging the expressions into a form 
which suggests application of certain identities. The following 
examples illustrate why such a crocedure would be almost impossible 


to systemize. 
q 
EXAMPLE ONE. Simplify F.= be d+b+tabd +bed+tabe 


t 


Rearranging and combining the first and fourth terms in 


t 
accordance with a b + ab = b, we have 
t ' ft t 
F=cd+b + @bd *#bec 


Applying the identity a + ab = a+b to the last three terms 


gives a further reduction te 
F = c'd +b + ad’ + ac 
Next using ab + ac = a(b + c) and inverting 
' tet 
F=ed+b + a(c d) 


Again applying a + a'b = at+band rearranging, we finally find 


that 
Fetatpb*t+ oe 


| q ~ 1 q 
EXAMPLE TWO. Simplify F=*=cd+bcetbe + cd 
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Besides the methods already discussed some very recent work 
has been reported by Shreeran Akhyankar [12,13] which represents a 
significant beginning into the search for a truly "Absolute minimal" 
Boolean function. One must not be misled however, because the 
"Absolute minimal" expressien, LZ(f), which he seeks is again based 
on very flimsy starting criterion. He defines the emeeh it the 
function, L(f), as the number of "and" and "or" operations represent- 
ed by the final expression. This is little different from using the 
mumber of diodes, except that the final equations are not restricted 
by the levels which the logic can He 

In his first paper [12 y Akhyanhar, using the Algebraic 
Topology terminology and notation of Urbano and Mueller |b | as 
well as point set theory, formlates from a set of theorems a means 
of obtaining the minimal expression of the type Zsps(f) (sun- 
product-sum). He later extends the work 13) to obtain the absolute 
minimal (as he defines it) expression LZ(f). 

Because of the complexities of the general problem, Akhyankar 
has been necessarily limited to treating the more trivial cases of 
cell complexes which possess nice geometric properties; e.g., purity 
of dimension, i.e., all the basic cells being of the same dimension, 
connectedness, etc. Thus, the theory of special configurations can 
be applied. Specifically he deals with the one and two isolated point 
cases to preclude overlap. This assures us when we define the com- 
plexes by point sets Ey and Eos that the set defined by B, ( BE, is 
identically zero, i.e., sets are disjoint. 

Although the work does not represent a method per se by which one 


gets minimal logic it is the first mathematical step toward such a 


ee 





method. Nowever, regardless of the successes in the directions being 
taken by mathematicians such as Akhyankar, we must not forger the basic 
need for a method which considers the problem from a basis more profound 
than the present, simple starting criterion. 

The methods discussed in this section have in common two basic 
characteristics. [Tirst, each method based reduction on the same 
Simplification criterion, and secondly, all require that the initial 
statement representing the desired output function be either a canonical 
set of minterms of the type 

pn-l 
f(x, x) — x1) = > f, (x, » X ae X41 


or a canonical set of maxterns, 


<i 
2 Jo Jy Set 
g(x, X, sees ae - ial B(x, t+ Xt eee Ky ) 
k = 0 


Where the X,, X, ---- x are the input variables and the j , j 

0 nol oO 1 

coos Jj can assume either the primed (') or unprimed state. Hence- 
forth, methods which exhibit these characteristics will be referred to 


as "Class I" methods. Class II methods will be defined later. 
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5. lxtensions of logical reduction 

We have now outlined some of the more salient features of current 
techniques in the area of logical design. Next, some useful data might 
be obtained by sampling the industrial anplication of these techniques. 

The inescapable fact is that alnost the entire region of logic 
design per se is still subject to "human ingenuity". The reduction 
methods, advanced as they might be, are used, to be sure, but only as 
supporting devices or as minor shortcuts in relatively small switching 
nets. Only where the largest computing machines are available can we 
say that true design adis are employed to any large extent and "large 
extent" here means hardly more than an increase in the range of input 
variables. 

Inquiry into the operational level reveals that the techniques are 
indeed open to far more improvement before they may be used in a com 
prehensive sense. The idea of extending logic reduction should not 
stress "reduction" nearly so much as the compatibility of reduction 
with the environmental constraints imposed on the designer. 

A. Inadequacies of present reduction techniques 

In reviewing the methods outlined in section four we note that 
little progress has been realized in the quest for a system that will 
produce a "minimm" logical representation for a system of equations. 
The prinary failing of present techniques rests with their inability 
to cope with the wide range of constraints and the sheer massiveness 
of the many simplification problems. The tendency has been to treat 
reduction as a mathematical problem requiring formulation for the sake 
of reduction alone. This is evidenced by the number of mathematicians 


now offering theorems and parts of solutions. What appears to be 


ahy 





Missing is an appreciatien of the part which hardware and ether 
constraints mist play within the overall framework of any final 
solution. These constraints will be enumerated later, but first lets 
leok at the limitations of our "pure reduction® techniques in greater 
Getail. 

In order to facilitate design of large networks, a number of 
computer programs have been assembled which apply eur Class I 
techniques 6, t> Us 18 | - some of these pregrams begin with the 
actual truth table data and develop from this the canonical sets 
which must be reduced, while still others require as their input 
parameters the actual minterms of the desired output function. In 
either case the programs utilize the expressions describing the in- 
put eutput relationships for the given problem, and automatically 
minimize into two-level logic. Im this way the logical designer 
is previded with a set of equations, which accerding to the defin- 
ing criterion, represent an efficient design for the desired network. 

These methods are very useful, but unfortunately the systems 
described are extremely limited as to the number of input variables 
with which they are capable of dealing. In addition, the programs 
themselves have no previsions for applying the numerous function and 
system constraints. These must be added manually by the legical de- 
Signer and as a result the solution obtained is far frem being opti- 
mally unique. Once reduction has proceeded so far by machine methods 
we have lest many of the redundancies which would permit even greater 
reductien as the constraints are applied. 

Note, too, that these methods all require that we carry the entire 


truth table in the computer memory. There is still no provision for 
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effecting reduction on segments of the truth table and then cembin- 
ing the results. With these conditions prevailing it appears that we 
will be continually faced with the need for computers with larger and 
larger memories. As an exanple of the magnitude everyday preblems 
tend to assume consider the 10 by 1) sine function generator designed 
and constructed by Lincoln Laboratories, MIT (2 . Design ef this 
sine function network begins with an expression centaining over 
56000 minterms. Mest computer storages are incapable of carrying 
sufficient data to de problems of this magnitude in any straight 
forward manner. Perhaps a possible solution will be te deal with 
highly redundant segmented functions which can be recombined after 
preliminary processing. Carrying the redundancies would provide for 
the eventual recombination into forms which are minimal in the sense 
of present techniques. 

A further difficulty at present results from eur inability to 
specify the ferm of the final logical equations. Available hardware 
and technology are rapidly increasing and it is now pessible for 
logical designers to make freater demands upen the component engineers. 
Gircuits such as the "nor" and "exclusive or" are becoming mere com- 
mon. However, there are still no mechanizable methods, by which we 
can automatically design them into the systen. 

B. Logical design constraints. 

What de we mean when we say “the constraints imposed on the 
logical designer" or "the system constraints are"? In general we 
are considering the limiting factors of nature or of engineering 
technolegy, but as we shall see tnere is the additional connotation 


ef space-time relationships which goes along with the term "constraints" 
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in legical design and reduction precesses. A complete discussion 
ef the full impact and implications of these quantities, and their 
relative imortances would be lengthy and inconclusive. Consequently 
what follews will be a representative list including those constrain- 
ing factors which are of greatest imnediate concern to logical de- 
signers. It is important to remember that there exist no straight 
forward techniques by which these constraints can be applied in the 
reduction precess. 
(1) Overall system requirements beyond the mere representation 
ef a set of mathematical @quations but rather extending to in- 
clude such things as the time lags permitted between the time 
that inputs are applied and outputs must be available, weight 
and size limitations, power availability, etc. 
(2) Component redundancies or ceded parity checking systems 
considered necessary to insure adequate overall reliability. 
(3) Hardware or component capabilities dictated by the current 
"state of the art", e.g. rise time of flip-flops determines 
the number of logic levels permitted. 
(4) The extent te which we can apply the concepts of time- 
sharing legical elements. In this area logical designers apply- 
ing ingenious means have been able to duvlicate the functions 
performed by large networks using only a small number ef logical 
elements coupled with the necessary delay devices. This of 
ceurse spreads the problem in time. 
(S) In complex systems, there should exist methods for exactly 
lecating component failures which introduce malfunction. To 


accemplish this, additional logic can be designed into the overall 
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networks thereby permitting the use of "maintenance routines" 

25 | » or in cases where the basic equipment is not a pro- 
grammable computer the information can be presented in some 
other form. 

(6) To what degree should the vrecessing equipment be a 

general purpose or special purpose device, i.e. what balance 

must be maintained between program and logic. 

(7) Im addition to these constraints which are relatively 

easy to define, there exists an entire class of "man decisions" 

which are more far reaching and as such cannot be included as 
part of the immediate geals. As an example, we have the very 
basic initial decision which must be made by the system de- 

Signer concerning whether the program is better suited toe analog 

or digital selution. If it is decided to use a combination of 

the two techniques, what should the balance be, etc. 
C. A Class II system. 

Se far our study has covered the bread problems of legical 
design which have generated the need for logical reduction schemes, 
the characteristics and inadequacies of available Class I methods 
and finally an enumeration of the constraints which snould be made 
a part of any advanced technique. This study suggests that a new 
appreach te the composite problems of logical reduction is needed. 
A method which would give the logical designer more control over 
the form of final networks. 


In mest cases where we have assembled this amount of data 


1see Appendix B 
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abeut a basic problem a number of alternative solutiens normally 
suggest themselves. The present situation is much more difficult. 
We must of necessity develop the components of an everall theory 
in the precess of gradually evelving the general solution. This 
can only be accomplished by initiating a series of stabs, based on 
a priori knowledge of the problems characteristics, inte area which 
show mest promise; areas where new philosephies uncovered might 
suggest the next step. Since the problem is of this type it is 
even more important that the broader concepts which have been pre- 
sented in the last few sections be thoreughly appreciated before 
beginning or continuing the investigation. The probes should be 
with purpose or geal in mind if net in sight. One such effort 
which proved successful was that made recently by J. R. Logan 18 | 
at Litton Industries, Canoga Park, California. 

Logan's method of congruencies is a partitioning process which 
treats the output function directly rather than the Class I system 
appreach ef first converting to an expression of minterms or max- 
terms. Methods which exhibit this characteristic of treating the 
output function directly will be referred to as "Class II" systems. 
It will become apparent as "symmetries" are discussed in the next 
section that although Class II methods do not deal directly with 
tne Boolean functions or identities, the operative characteristics 
of Boolean algebra are still implied. 

Partitioning by "congruencies" 1s accomplished by superimpos- 
ing pertions of the output function en top ef like portions of the 
same function in accordance with the binary divisions cf a standard 


truth table of "n" variables. One part of the -function can be 
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censidered as having been displaced in time (vertically) to cever 
the corresponding portion ef the function indicated by those bits 
ef the input variable which are of opposite polarity?. As an ex- 


ample consider the three variable counter of Fig. 1(a). 


cba F 
OOO Nato 
O01 0 x ir D soy 
GO 45.0 > ae Ol 0 
O11 1 00 0 
120-0 1 Lil 1 
1 Om ol , 10 0 
EO iL. : 
111 04} 

(a) (b) 


Figure 1 
The arbitrary function F is said to be conzruent in "c" te the 


degree: 


Or OC Oo Oe Oo © 


We arrive at this mechanically by first lecating the coincident 
bits in the upper and lower halves of the function, Fig. 1(b), and 
then literally repeatinz this XY column. This duplicates the manner 
in which the "c" variable changes polarity. In passing we might also 


note that the function has congruencies in "b" and "a" to the degree: 


the difference between one and zere, or true and false, is analegous 


signals of different polarities. 
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Observe that the selected function can be completely speci- 
fied by the "b" and "a" congruencies, therefore the "c" congruencies 
in this case would be discarded as redundant. The method continues 
by what Legan calls a readjusting precess until a ferm is developed 
from which the minimal logic is written directly. 

Nete that partitioning by congruencies can be likened to the 
fourier analysis of arbitrary waveforms. The basic function, which 
in a reduction process is the desired output configuration of the 
enes and zeros, can be though of as being filtered into its frequency 
components i.e., the fundamental frequency and a limited number of 
harmonics. The fundamental frequency ef the fourier series would 
correspond te congruence in the most significant variable, the 
second harmonic to the next most significant variable, etc. until 
finally the highest harmonic present would correspond te the least 
significant variable. Hence the number of congruencies or number 
of frequencies possible is equal to the number of input variables. 
This limitation corresponds to the truncation ef a fourier series 
which we realize may intreduce error or "noise" equal te the value 
assumed by the remainder term. A similar phenemena occurs in the 
partitioning precesses. Only in those cases where the initial wave- 
form can be represented exactly by a finite number of harmonics 


along with the fundamental, which may or may not be present, will 
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there be an absence of noise. The same is true for congruencies. 
A separate signal mist be picked up te complete the function after 
the congruencies have been removed from the function. As in the 
Class I systems, this turns out te be an "essential term" which 
will necessarily occur in the reduced legical equation. 
The paper continues after obtaining the minimal expressions 
te a treatment of redundancies, serts based on the frequency af 
occurrence of the input variables in the function, sorts covering 
systems of functions, etc., in an attempt to influence reduction 
along desired directions or in accordance with simple constraints. 
Although the successes of Legan's work are in themselves 
Significant, the idea of conzruencies sugyests a wnole series of 
further investigations. One of these, symetries, is treated in the 
fellowing sections. It will be shown that this area was of prime 
interest because it suggests the possibilities of pressing inte use 


a new form of symmetric hardware. 
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6. Partitioning by the method of symmetries 

In the previous section a Class II technique, Reduction by 
Partitioning, was described briefly. The term partitioning referred 
te the process whereby characteristic sub-functions (congruencies) 
could be separated from the original function and treated indepen- 
dently. Since a "set of congruencies" merely represents ene special 
property of the function we have in effect screened the function in 
such a manner that it is possible to examine this property in greater 
detail. This suggests that a reapplication ef partitioning under 
seme new set of rules would produce still another set of sub-functions 
exhibiting some further property ef the initial function. This is 
in fact the case, and one of the group of such possibilities which 
immediately suggests itself is partitioning into "symmetries", i.e. 
removing the symmetric properties of the function. 

It would be difficult to predict without extensive data whether 
er not the application of symmetries might lead to further economies 
in legical design. Hewever, since we will be dealing with symmetric 
properties, itis reasonable to suspect that our logical netwerks 
could be represented almost entirely by some form cf symmetric hard- 
ware. This in ne way implies that the representation as such would 
be a simplified logic in the sense of present Class I and Class II 
reduction techniques, but rather offers the pessibility of eventual 
combinations of the two forms of hareware into some simpler design. 
Although logical designers have already discevered unique uses for 


e 8 hd 1 e 
symmetric circuits such as the "exclusive er", there is as yet neo 


1cee appendix 38 fer a circuit develeped and used by Litton Industires, 
Beverly Hills, California 
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mechanical methed fer designing these cempenents inte networks. 

The pessibilities of develeping such techniques and specify- 
ing hardware become more ebvious if we examine the pessible output 
configurations represented by the simple two-bit counter of Fig. 2. 


This table arrangement ef the input variables "a" and "b" aleng 





b A) 2.1 Sees 
0 ¢ i. 2 
0 Oo 1 1 om 2 
ut ieO > 0 | a 
1 IOs i (ON eer 
witn any grouping of the desired eutput functiens, f threugh fic 

? 


is commenly referred to as a "truth table" since it gives picterially 
the combinations of the input variables wnich lead te a "true" out- 
put. The input variables "a" and "b" might be generated within the 
system by flipfleps, or alternatively they ceuld be external inputs 
coming frem eutside the network or system under consideration. In 
either case, all possible combinations mst be considered. Later 

we will examine the effects of "forbidden states", combinations of 
the input variables which cannot eccur, upen the symmetries of the 
eutput function. 


9 a 


preperties; felding these functions abeut their midpoints intreduces 


In Fig. 2 the functions fy» {es f. and f 5 all exhibit symmetric 


perfect coincidence of the ones and zeres. Considering the functions 
mere clesely we ebserve that fy and 159 although symmetric represent 


the trivial cases ef "never an output” and "always an output" 
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respectively, while fe and fo are uniquely represented by 


1 | 
fe “ab t+t+abw#ae@b 


fy = afb! + ab = a/b 


the familiar "exclusive or" circuit and what we will call the "equal 
or" circuit. The latter name is derived from the fact that an output 
is produced only when "a" is identically equal to "b" in either the 
true or false states. The symbol "a/b" should be read "a slash b". 
When symmetric properties are defined, we will extend the idea of fold- 


ing to allow folds about additional points in the function. For ex- 


3” 


ample, if we permit folds between the first and second bits and the 
third and fourth bits, functions such as i. and fh will be defined 
as symmetric. 

Reflecting on the results of partitioning functions into con- 
gruences, we recall that the symmetric quantities te and fo were 
not permitted but instead were covered by combinations of congruent 
functions or "singles", functions with neither congruent nor 
symmetric properties. In that system the functions fs» fos Ly» 
and fy0 


are congruent in "a" while fy and fio are congruence in "b", e.g. 


were Of primary importance because as defined f and fio 


considering ip and £30? there is perfect coincidence of the ones 

and zeros of the lower and upper halves of the function when the 
lower half is displaced upward two bit positions. By restricting 
the technique to these conrruent functions, £5» fos fio» and {ho 
logic expressions are obtained which are minimal in accordance with 
the two-level, diode defining criterion. Symmetric functions could 
not be tolerated under these conditions. Therefore, in order to 


take advantage of the symmetric properties of the desired output 


35 





function a new form ef hardware will emerge as the basic building 
bleck andas it turns out the quantities fy and f 0? net being 


1 
symmetrical, will disappear in faver of fe and f.. 


9 
Before defining what we mean by symmetries or developing the 
rules by which we might mechanically partition functions inte 
symmetries, we chould establish some form of shorthand which will 
enable us te handle the sheer bulk of data presented by truth tables. 
A netation which has been feund mest satisfactory is the hexadecimal 
system of numbers. This is a single variable method of counting 


from zere to fifteen inclusive. A form of the binary-te-hexadecimal 


conversion which will be used here is given by Figs. 3(a) and 3(b). 


dcba Hex character F 
0000 0 1 
0001 1 0 
00210 2 1 
0011 3 0 
0100 4 0 
0101 5 O 
0110 6 1 
(0 oae Ee le E Tt 0 
1000 8 0 
TOO 1 9 1 
1-O 1.0 A 0 
1011 B 0 
ps a 8 ea @, C 0 
i r-o.1 D 1 
Pet i oO E 1 
pL let Lh F 1 

(a) (b) (c) 

Figure 3 


Using this notation, a l-bit counter (feur variables a,b,c and d) 
and the arbitrary output function "F" given in Pig. Xc)can be collapsed 


and written as: 








Gume b F 
0 0 3 5 A 
O F 3 5 2 
eee 3° 5 ly 
i 3 alo! 7 


This representa a four-to one visual compression of the data 
without any loss of significance. If we were to complement the table, 


the variables would be represented as primes: 


OOmy} 
Orn OF 0 
aaaqa oo 
mm > 
COmuuwm "3 


In congruencies, the periodicity of ones and zeros for each 
variable of an N-bit counter was uSed as the basis of definition. 
4. function could be congruent to a degree (or in unusual cases 
entirely cmgruent) in any or all of the input variables; the 
variable "a" representing the least significant (2°) bit position, 
the variable "b" the next significant (27) bit position, etc. How- 
ever, in treating symmetries, the recursion properties of the separate 
variables are used somewhat differently. Instead of sliding the 
groups of bits vertically to cover other groups of bits of equal 
length and looking for coincidence of the "ones" or true bits between 
these groups, the sroups are nw "folded" about a point of symmetry. 
This point of symmetry is uniquely determined by the periodicities. 
of the input variables. Since the bits of the “a" variable are singly 
repeated for the length of the column, the folding is performed one 


bit at a time, i.e. the second bit of the column is folded on to the 
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first bit, the fourth en te the third, etc. Thus a column or 
function where the bits are singly repeated for the length ef 
the celumn is said te be "a function symmetric in a". Fer 
example, if we consider the feur-bit counter used in Fig. 3(a) 
the "b", "c" and "d" celumns are "symmetric in a". Nete especially ~ 
that "a" itself is net "symmetric in "a", 

Next the periedic structure ef the "b" celumn determines the 
peint ef symmetry fer "b" symmetries"; the bits being felded in 
pairs abeut the points where the "b" column of the counter chanes 
from zeres te enes. Nete again that the "b" column is not symmetric 
in "b" itself, but is "symmetric in a". The same criterion fer 
symmetry applies te the "c" and all higher order variable colums as 
well. The periedic structure, or rate of recurrence ef groups of 
enes and zero bits, determines the peint of symmetry abeut which 


groups of length any 


are felded; N taking on the values jl, , 
2..2-eR, where n is the order of the highest order variable present. 
Fer example, the fellewing 6-variable function (N=6) has perfect 
symmetry in the "e" (next mest significant digit) variable by reason 


ef the indicated "felds". 
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Im passing, it is important that we observe a special char- 
acteristic of the symmetric properties of N-variable ceunters. In 
general we say that the variable “a" is "symmetric in nothing", "b" 
is "symmetric in "a", "c" is "symmetric in a and b", "d" is "symmetric 
in a, b andc", etc. Therefore each celumn is symmetric in all lewer 
erder variables but not symmetric in the same or higher erder vari- 
ables. This differs basically frem the behavier ef congruences 
where each variable of the N-bit counter is congruent in all ether 
variables except the variable of the columm being censidered. 

Assuming that we wish te demenstrate as many preperties of 
functional symmetry as possible, it fellews that we might censider 
examining the functien in descending variable order. We might 
then expect fewer symmetries to shew up as we appreach the least 
sipnificant variable. Because we are treating with the function 
itself rather than truth tables, eur manipulations in partitioning 
are indicative of the actual eperation ef the end hardware. This 
unidirectional scan seems to suggest tentatively that symmetrical 
analysis will lend itself te precessing elements which may be dis- 
tributed serially in time. 

Having defined what is meant by the symmetric preperties of a 
given function, we are now prepared to consider the precess whereby 
the functions oouctsa'bea threugh legical design may be subdivided and 
examined in greater detail. There is no need te change the ferm ef 
the original function. Instead it is possible to werk directly from 
the cba tiourtiies of enes and zeres (stated in hexadecimal notation) 
determined by the truth table. Since this configuration represents 


the conditions er values of the input variables which are necessary 
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te preduce the desired outputs, the partitioning precess eliminates 
the need for referring directly to the input variables when precess- 
ing the data. 

As mentioned previously, the partitioning process is being used 
to determine the symmetrical properties of the function. Im the 
case of cengruences if a function happened te be completely cengruent 
in one of the variables, that variable disappeared from the legical 
expression finally used to represent the function. It turned out 
that the complete legical definition ef a function was ne mere than 
a statement ef the degree te wiiich the function was not congruent 
in all ef the compenent input variables. These characteristics 
were inherent because ef the basic definition and will not neces- 
sarily apply to symmetries. In fact a re-examination of the Fy 
and Fy functions of Fig. 2, which are completely symmetric in "b", 
shews that beth input variables are necessary te specify either ef 
the functions. Therefore, at tnis point we have ne reasen to believe 
that complete symmetry weuld imply the disappearance ef any of the 
input variables from the final expression, but intuitively we suspect 
that the "degree of symmetry" will be useful in deciding the eventual 
form and simplicity of the final equations. 

Befere considering these effects further, we mst perform the 
actual partitioning and establish methods fer manipulating the 
symmetric sub-functions. In order that we might have a means of 
comparing the present methods with these of J. R. LOGAN'S cengruences 

28! , the same function which was partitioned into congruences 
will now be used te illustrate partitioning inte symmetries. Con- 


sider the function ef Fig. which is 6) or 2° bits in length. This 
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is ene ef a system of six functions which result from the three 
by three bit multiplier represented in appendix C, and as it 
happens is not completely symmetric in any of the six input vari- 


ables. For this reason it represents a fairly general case. 


FMW PM AWWW OM WIOCOOO 


Figure 
Our first task is te partitien this function inte the existing 
symmetries. We begin by leeking for symmetry in "f£". This is dene 
by folding the functions about the axis of periedicity in "f", which 
amounts te felding about the midpeint. Once the function is felded 
the coincidence bits are removed and recorded as in Fig. 5. 


upper half lewer half ceincidence bits 
felded upward 


0 5 0 
0 h O 
0 B 0 
0 hy 0 
0 6 0 
F C C 
1 G 0 
C C C 
Figure 5 
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Nete the manner in which the lewer half ef the function mst 
be felded. Since the feld is on a bit by bit basis, the hexadecimal 
characters from the lower part of the function are not merely re- 
recorded in inverted fashion, but must be cenverted to new characters 
represented by the inverted bits. For example the ninth character 
"three represents the cenfiguration 0011. When this is felded it 
becemes 1100, or reading from the tep the hexadecimal character "C". 
Additional care is alse necessary when expressing the final symmetry 
from the coincidence bits. Thus when the coincidence bits of Fig. 5 
are unfelded the hexadecimal "C" becomes a "3". Now we can say that 


the function is symmetric in "f" to the degree: 


OOOO OWOWQOaA0CDO0CO 


Te determine the degree te which the function is symmetric in 
Ne" we refer to the periodicity of "e" in the standard six-variable 
ceunter. There is a double chanve, or twe-cycle effect, in this 
variable, censequently the function must be folded twice te determine 
symmetries Fig. 6 illustrates how the functien has been divided into 
quarters and folded, i.e. the second greup ef feur hexadecimal 


characters is folded upward en te the first feur characters and the 
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last greup ef feur is folded upward en the third greup. The third 
column in each case represents the ceincidence bits which indicate 


the degree of symmetry. 


Upper half Lewer half 
Upper Lewer Coincidence Upper Lewer Ceincidence 
0 3 0 3 5 z 
0 8 0 3 h, 0 
0 F 0 3 B 3 
0 0 0 6 Ly \ 
Figure 6 


Unfolding the twe halves, we can now say that the functien is 


symmetric in "e" to the dervree: 


BOaNEWOrFMODOCWDOOOCCO 
y 


Partitiening continues in like manner for the remaining input 
variables. Fer symmetry in "d", the periedicity is feur, consequently 
the functien has feur felds. Nete that the felds always eccur abeut 
the points where a standard counter weuld shift from a zere to ene bit. 


The reader mst be cautioned te exercise care when seeking "b" and "a" 
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symmetries since it is ne lenger possible to represent the felded 
parts by hexadecimal characters. In the case of "b" synmetry the 
felds are made with two bits, and for "a" enly ene bit. For example, 
D, which in the hexadecimal notation is 1101, is symmetry in "b" to 


a degree of "9" and in "a" to the extent of "C". See Fig. 7. 


D felded Coincidence unfolded 
1 ne al 1 1 
1 1 O @) 0 
0 0 
1 1 
1 ; ie 2. 1 1 
1 1 
0 0 1 0 0 
7) 3 
Figure 7 


New arranging the symmetric preperties of the functien into a 
table or matrix we can determine the extent to which the degrees of 
symmetry im eacn of the input variable together previde cever fer the 
initial function. This is shown in Fig. 8. Scanning the symmetries 
horizentally and applying the "er" proposition gives by eur definitions 
a completely symmetric function; ene which dees not necessarily have 
cemplete symmetry in any sinyle variable, but is symmetric in the 
combination. In cases where the initial function has these properties 
the herizontal scan gives back the function identically. Hewever, 
the present example represents a more general case as far as sym- 
metries are concerned. Here part ef the original function has not 
been covered and it becomes necessary te create a delta (§) function 
te complete the representation. This delta function is entirely 


non-symnetric and represents the "neise” that exists in the eriginal 
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t 
functien; noise that cannet be accounted for by pulling symmetries. 


Since it does eccur in this manner we cannot expect it te recembine 
with the symmetries during any later precessing unless the final 
representation actually marries symmetries with seme other properties. 
Because of this, the delta function can be thougnt ef as an "essential 
term" in the same sense as used in several ef the reduction schemes 
considered earlier bss 6 | ; and as such will be identifiable as 


a Sinzle element in the final equations and hardware. 


Symmetries in S Function Symmetric Original 
fedcba (noise) Functien Function 
000000 0 0 0 
H20°0 0 0 0 0 0 0 
090000 0 0 0 
000000 0 0 0 
e.0 0 0 0 =o 0 @) 
CO8O0OFF 0 F F 
O70 11.0.0 0 1 L 
cooésgoc 0 C C 

Bee 2 0 0 3 0 3 5 
50°00 0 3 0 3 3 

Ba 0 2 0 3 0 3 5 
OL LL60 0 6 6 
020200 0 2 2 
oc2k96C6 0 D D 
DO 1.070 0 0 : 2 2 
080000 2 8 A 
8866 81k it 21 22 bit ceunt 

Figure 8 


If we censider the matrix ef symmetries aleng with its delta 
function, we ebserve that the tetal bit count of 51 greatly exceeds 
the mumber, 22, required te represent the function. The reason is 
apparent when we leek back and nete that some elements of the function 


are redundant in the sense that they are used several times in forming 





the symmetries. This redundancy is not necessarily wasteful since 
some of these excess bits will disappear during later processing and 
Others becomes useful when trying to express the network in a new 
form. 

Since partitioning into the present sub-functions was accompli- 
shed using the original function as a base, it follows that any 
addition, deletion or change in the colurmms which does not ruin 
our ability to recover the function is allowable. Thus we are able 
to further extend the partitioning process to the columns of our 
matrix and reduce the function°into still simpler sub-functions. 

Tne criterion we use will be to partition the columns of symmetries 
into a set of "continuously foldable" functions. These are functions 
which will be defined as follows: 4 function is continuously foldable 
if beginning with the highest order symmetry and folding upward along 
the lines of symmetry causes all of the bits in the function to 
superimpose upon whas was initially the uppermost bit. The reason 
for this breakdown becomes more aprarent after a method has been 
developed for compressing the data contained in the new matrix. 
Compression is necessary to permit manual or small memory computer 
manipulation of this data. It should be evident that further break- 
down to the "continuously foldable" limit in no way destroys the 
symmetric properties. At most, some additional redundancies may be 
picked up which will only be removed in later processing. 

For an example of the process consider the "f" symmetry of Fig. 
8. The highest order symmetry is in "f{". After folding the lower ' 


half of the function on to the upper half we have remaining: 
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The only ether symmetry is in "a", and making these felds dees not 
result in all bits being superimposed en the uppermost bit. There- 
fere the column which gives the degree te which the original function 
was "symmetric in "f" is not a continueusly foldable function. By 
inspectien the columm is easily split inte twe functions which are 
centinueusly feldable and symmetric in "f". The first contains all 
zeres aleng with the uppermest "C" and the lewer "3". The second 
function uses the remaining two hexadecimal elements. 

This precess ef partitioning into centinueusly foldable functicns 
ceuld be easily mechanized by applying the fellewing rules te a matrix 
ef symmetries such as that given in Fig. 8: 

(1) Imitially subdivide the celumns inte a new set ef celumns 

each centaining only"ene typeof hexadecimal element. Since we are 

treating symmetries, "ene typd’ includes any particular element 

plus the element which is ebtained by folding the bits ef the 

initial function. Thus "1" and "8" er "3" and "C" are each 
considered ene type. In making this subdivisien it sheuld be 
remembered that the hexadecimal elements are only a ferm ef 
netation and we mist base our division en the underlying bits. 

Fer example, in celumn "e" ef Fig. 3 the "3" centains a "2" and 

the "C® centains a "", thereby allewing us te subdivide inte 


a function centaining twe 2's and twe 's. This is shewn by 
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the third column ef Fig. 8. 

(2) Test each ef the new functions created by step ene te 
determine whether or not the new functions are ceontinueusly 
feldable. Subdivide those which are not inte a set ef functions 
which still exhibit the same erder symmetry but are now cen- 
tinueusly feldable. 

(3) These functions which are completely asymmetric are the 
essential terms previously mentioned and remain iselated in 
their ewn columns. 

New applying these rules te the symmetries of Fig. 8 gives the 


new matrix ef centinueusly foldable functions, Fig. 9. 
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Figure 9 


This new matrix carries with it all of the informatien ef Fig. 8. 
The brackets indicate the symmetries ef Fig. 8 which yielded these sets 


ef continueusly feldable functions. 
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7. Class system for matrix representation 

Before the available information which is now contained in the 
matrix of continuously foldable functions plus its noise term can be 
processed efficiently, we must specify a more compact method of 
expression. It is immediately apparent that the individual colwms 
of the matrix contain only one "type" of hexadecimal element; in 
fact the last partitioning performed placed the data in this cone 
figuration. Since the type of these elements (1 or 8, 3 or C, ete.) 
is the deciding factor for "a" and "b" symmetries, it is reasonable 
to suspect that they should alstd play an important role in deter-~ 
mining whether the input variables "a" or "b" occur in the final logic. 
We shall see that this is the case and for this reason they are the 
basic class (Class I) of our class system. 

Next dividing the columns into groups of four hexadecimal 
elements we notice that elements within these groups of four take on 
a pattern which also lends itself to the hexadecimal notation. 
Finally, we can consider the four groups of four, and imagining that 
a one bit is on the field where the ng spadnciatel elements other than 
zero occur, we can again express the layout hexadecimally. Fig. 10 
shows the matrix with these groupings designated as Class I, II, and 
lil. 

The Class I grouping represents the type of hexadecimal element 
and is always expressed as the element which appears first in the 
given colum. The Class II grouping is the hexadecimal layout of 
Class I elements. The Class III grouping is a hexadecimal layout 
of Class II elements. This method can be continued to any number 


of variables. For each additional pair of input variables the 
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In the event of an odd number 


number of classes increases by one. 


of variables the number of hexadecimal elements possible in the 


highest order Class becomes limited, and in the manipulations which 


follow the Class would be automatically considered symmetric in the 


highest order variable. 
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With this new class notation the matrix of continuously foldable 


Figure 10 


This table will be 


functions is expressable as given in Fig. ll. 


referred to as the Hexadecimal Array 


Class I 
Class II 
Class III 


Figure 11 
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As an illustration of the procedures followed in developing the 
alphanumeric terms of the Hexadecimal Array consider the third column of 
Fig. 10. This colwm requires more than two elements since it is 
symmetric in "e" and symmetric in "c", In the actual writing of 
terms it is more comvenient to begin by considering the highest class 
first even though this requires writing the terms from bottom to top. 
By following this procedure it is ummecessary to carry over inforn- 
ation about one class while working with a second class. First 
looking at the Class ITT layout we ovoserve that the elements cover 
the quartered ficld in a "3" configuration. Consequently, the 
bottom element of the alphanumeric term is a "3", In the Class IT 
layout, we scan the column from the top stopping in the first quarter 
which contains hexadecimal elements. The configuration of these 
elements uniquely defines the element to be recorded above the "3". 
Since, in the example taken, this amounts to a "2" and "4" in a "3" 
configuration, the next element is a "3", Finally the basic "type" 
element of the colum becomes the Class I part of the term. Thus 
in a second top to bottom scan of the colum, the first non-zero 
element encountered becomes the uppermost element of the Hexadecimal 
Array. Hence the complete alphanumeric term that has been con- 
structed is recorded in the third colum of rig. ll as ‘a This 
expression is unique in that the original colum can hay 
re-constructed from this notation. 

Next we notice that when the Hexadecimal Array is expressed in 
binary we have reduced the number of bits required to carry the 


information of each colum from 64 to 12. This represents a 
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saving of considerable importance when we reach the stage in which 
these systems might ve programmed for dicital computers or represented 
directly by logical networks. Of even greater importance to the 
present investigation is the fact that we have now introduced a 
notation vhich in itself suggests that there must be means for pro- 
cessing our data to obtain some reductions. TYurther, it is possible 
to develon rules which would transform the symmetries of Fig. 11 by 
a two step operation into congruencies. 

Since all of the above operations which we have either 
described or mentioned could be’ represented by mechanical steps 
they are readily adaptable for computer programming. However this 
must of necessity be left for future investigation. The scope of 
the present investigation cannot be extended to include the efficient 
marryine of the two methcds, symmetries and congruencics or to pro- 
gramming. It should suffice to say that work toward this goal is 


being continued. 
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8. Reduction of symmetric functions 

The initial function has now been completely partitioned into a 
form, the matrix of continuously foldable functions plus a noise tern, 
which suggests that some form of symmetric hardware along with "or" 
circuits could be used to express the network. This is indeed true, 
but as the function stands there are nineteen terms which seems to 
imply a need for at least that number of hardware components. Since 
this would be unrealistic for an initial function which started out 
with only 22 bits, we must develop schemes for obtaining some savings. 
The reductions in the cases which follow do not imply a minimal form 
of logic or an optimum use of hardware, but have been developed and 
presented as a guide to reductions in general. | 

The most obvious reduction has been evident since the matrix of 
Figo 9 was calculated, and can be effected simply by removing the 
duplicity of terms or sub-functions. These have been carried along 
naturally to insure that any final system be directly mechanizable. 
For this reason, our development is following through in a fashion 


similar to the steps which would be required of a machine. 


CC 2332 8 2 3aio 2 

kh 132298 6 Go 3 Laie 1h 
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Figure 12 


Fig. 12 is the new array derived directly from the Hexadecimal 
Array of Fig. 11. The duplicated terms have been removed by scanning 


from left to right, dropping all second occurrences. 


53 





It is interesting to note that a scan from right to left 
produces the same set of alphamumeric terms but orders the terms in 
anew sequence. Whether or not the sequence of ordering the ensemble 
will effect future developments has not been decided. This may be 
answered when additional research determines the effects of scanning 
and sorting such fumctions or systems of functions in accordance with 
their inherent statistical and other properties. Such properties 
can be the frequency of a particular input variable in an intermediate 
set of developing equations, the tendency of the function or system 
toward a "type" of hardware, etc. 

At least one method has been developed which enables us to 
remove some of the redundancies contained in the new array. However, 
we should not always assume that it is advisable immediately to remove 
redundancies. Their worth is obvious from having considered applic- 
ations where redundant "forbidden states" lead to greatly simplified 
logic. M. Phister, in his book, "Design of Digital Computers", 

[15) gives a good example of the procedures used to treat these 
redundancies when operating with normal Boolean expressions. 
Although we are not dealing with the same type redundancies, they are 
nonetheless important whenever methods for combining terms of equat- 
ions or hardware are being considered. Unfortunately, efforts to 
date have been only partially successful in being able to bring about 
any significant combinations of terms into a truly eerie forn, 
The ne thods involve a somewhat dubious processing of the basic bit 


lineduced" - again from the viewpoint of overall system and state- 
of-art hardware. 
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data and as yet have not been standardized. for this reason, no 
effort will be made to include such techniques in the present paper. 

The method for removing redundancies which has been formulated 
is offered mainly to be used as a technique to reduce further the 
dimensions of the latest representation of the function, rather than 
as a means of insuring any form of reduced logical expression. We 
might best describe the method in a series of steps. 

Step One. ach of the alphanumeric terms of the Hexadecimal 
Array must be further sub-divided into its simplest clements. To do 
this we consider the elements of the individual terms from top to 
bottom in the following manner. 

(a) No split is possible if each of the hexadecimal characters 

of the term is an 8, 4, 2orl. At this point only noise terns 

will have this characteristic since all other terms contain at 
least one symmetry. A syrmetric subfunction implies an even 
number of canonical terms. 

(bo) If the first clement is a hexadecimal character composed 

of two or more bits, the initial division will be into this 

number of new terms. Each new term will have as its first 
element one of the hexadecimal characters 8, 4, 2 or 1 such 
that when we perform a logical addition of first characters 

the upper clement of the original term is returned. ‘ihe 

remaining elements of the new terms will be identical with 

similarly placed elements of the parent term. See Fig. 13(a). 

(c) In cases where the first element is a hexadecimal 

character containing only one digit and at least one of the 


remaining elements contains more than one bit, the first 
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element mkes a two-way split into the two elements of its 
"type", i.e. an "8" goes into an "8" and a "1"; the original 
element appearing first. The remaining elements are treated 
in similar fashion, recording the two elements of the "type" 
appearing in the same position of the parent terms as was 

done above, until coming to a multi-bit hexadecimal character. 
When this character is encountered it is sub-divided as were 

the elements of step 1 (b). However, in the present situation 
the ordering of new elements must be from the sequences 8, h, 

2, 1. Ordering as used here implies two requirements. 

First, the characters must be selected from the set 8, lh, 2, 1; 
and secondly, the characters must be sequenced in the same order. 
Thus, the characters "8" and "1" must appear in this order. 

As before, once a split of a hexadecimal character has occurred 
the remaining terms are merely repeated as they occurred in the 
original tern. 

(d) Following the rules of (b) and (c) we will have sub-divided 
the original term into either two or four new terms. Each of 
these new terms is now treated as a new original term and sub- 
division in accordance with (a), (b) and (c) continues. This 
process is repeated until the final terms are composed 
exclusively of hexadecimal characters from the set 8, h, 2, 

and 1. The final number of terms can be predicted at the start 
by forming the arithmetic product of the mumbers of one bits 


used to form each of the hexadecimal characters of the term. 
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For example, the elements of the sdapaet are "07, ))" and "6", 

"C" requires two one bits, "4" one a and "6" two one bits. 

Therefore, two times one times two equals four sub-divided terms. 

By now it should be apparent that a split into three terms is not 
possible since the "folding" process has a binary nature in any 
symmetric system. In fact, because of symmetries the only hexadecimal 
characters allowed are 1, 2, 3, h, 6, 8, 9, C and F. Three-bit terms 
and "5" and "A" are not symmetric. 

In Figs. 13(a) and 13(b) the two stages of the breakdown oe 
are shown. Fig. 13(c) gives a°’more complex example, . Abe aii 


latter case, three stages of breakdown are necessary. 
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Figure 13 


Step Two. Next we form the table show in Fig. 14. This is 
done by first recording the Hexadecimal Array of Fig. 12 to form the 
upper row of the table and then listing under each of these terms the 
sub-divisions determined in Step One. The ordering of the sub- 
divisions is important. They will be listed in the order as derived 


an aie. 13. 


57 





Step Three. This consists of a scan to remove the actual redundant 
terms without which the original function still has complete cover. As 
was mentioned previously, the procedure for conducting this scan is as 
yet arbitrary. No truly optimum method can be specified until the 
overall techniques can be furthered to include a minimal network concept. 
Several types of scans have been made. 

(a) A simple right to left scan. A term appearing on the top 

row (terms originating from the array of Fig. 12) mst be com- 

pletely covered by other terms from the same set before any 
reduction is permitted. A sub-division of each term is picked 
up and held until all sub-divisions to the left have been 

scanned. If complete coincidence exists, we continue to examine 

the other sub-divisions of the term being considered vntil either 

a sub-division is held that is not duplicated or it has been 

determined that all sub-divisions are repeated. In the former 

case we move on to check the next term to the left following 

the same test pattern; otherwise we strike the complete colum 

as redundant. In scans made after the extreme right colwm has 

been checked, the sub-division held is considered coincident 

even though it exists only in a column to the right which has 

been previously examined and found to lack complete redundance. 

Scanning continues until each of the terms of the upper row 

have been examined. Fig. 1 is an example using this form of 

scan. 

(o) A left to right scan. This scanning process is identical 


to (a) above except the terms are examined beginning at the 
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left end of the upper row and moving to the left. 
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(c) Seans which leave residue. Again the actual scanning 
process is the same in most respects to those above and can 
be started at any point, either end or at some internal 
point. The difference rests with the marmer in whichwe 
strike redundancies. We permit a further reduction of the 
initial terms into a residue consisting of one or more 
combinable subdivisions. Such a cmdition exists if dur- 


ing the scan coincidence exists between all but one of the 
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subdivisions of the term being considered. Combination 
is possible if two, four, eight, cr sixteen terms remain 
which are completely contained by pairs of double lines 
in the table of Fig. 14. An Additicnal re uirement is 
that this grap form a natural segment of the column if the 
column were divided into halves, quarters, eights or higher 
order divisions. Where the number of input variables is 
increased the sizes of these grours may be larger. The 
purpose of the division in the above manner ws to insure 
that the terms would readily recombine into a single reduced 
term by simply applying rules which are the inverse of those 
stated in Step One. 

The encircled terms of Fig. 1) is an example which shows 
the striking of from the hexadecimal array. The three 


additional vertical lines cross through the remaining redundant 
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Step Four. Finally all of the terms remaining after the 


deletion or deletion-and-reduction processes of Step Three are 
collected to form the new arrays of Fig. 15. Although these 
arrays still represent the original function exactly, all 
possible solutions are no longer implicit as a result of the 
above reducticns. For example, the array of Fig. 15(a) was 
obtained by a simple right to left scan and will produce a 
different final solution when hardware is postulated than the 
arrays of Figs. 15(b) and 15(c) which were arrived at by a 


simple left to right and residue type scans respectively. 
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9. Logical representation of symmetries, 

Starting from the basic concepts of symmetries we have carried 
through a partitioning process to develop the Hexadecimal Array of 
Fig, 11. Methods were formulated to show that it is possible to 
reduce the dimensions of the array and remove some of its inherent 
redundancies without destroying the symmetric properties of the 
terms, However, looking at the results, we are aware that the in- 
formation as it stands is in a language unfamiliar to those accus- 
tomed to treating logical expressions in Boolean format, 

It is not possible to exptess each term of Fiz. 15 as a single 
logical product term of the type produced by Class I reduction tech- 
niques, The nearest thing to the lanjuage of our Hexadecimal Array 
was produced when partitioning was into congruences 16) » but even 
there the final logical network was represented by Boolean equations, 
In the present case, a symmetric or reflecting envirorment has been 
forced on us by the processing itself which provides a natural 
specification for discrete, symnetric hardware, Before introducing 
the means by which we can go directly from the Hexadecimal Array 
to this symmetric form of hardware, we must look at a breakdown of 
the terms themselves and derive a basis for writing the new non- 
Boolean expressions, We should note that, althoush reference to non- 
Boolean logical expressions and equations will continue, there is’ a 
Correspondence which would permit us to convert the final equations 
into Boolean form, However there is no advantage at present for 


making such a conversion, 
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Fig. 16 gives the bitwise subdivision of three hexadecimal 
— ¢ 
terms into their symmetric elements, should be recognized as 


3 
the first term of Fig. 15 (a) while C and 6 are two arbitrary 


2 C 
terms used here to illustrate the general properties of hexadeci- 
mal terms, In each case the number of subdivisions can be pre- 


dicted by using the product method given in section eight under 


6 3 
step 1 (da). Applying these rules, we have that g and 6 each 
C C 
yield eightbasic canonical terms and , yields four. Rules could 


be stated for writing these Monch ae directly from the hexa- 
decimal terms but for Pheyeit purpose it is sufficient to realize 
that they can be obtained by using the basic N-bit counter’, This 
is done by expressing the hexadecimal terms as subfunctions of ones 


and zeros alongside the counter and removing the canonical set of 


minterms indicated by the one bits, 
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Figure 16 


tin the present example N = 6 
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A study of a larze number of subdivided terms such as those 
given by Fis, 16 leads to the following observations: 

(a) Groups of bits always occur which are composed of only 
one particular expression of ones and zeros and its complement for 
the length of the columns, In Fig. 16(a) the expression is 01010 and 
the complement 101013in Fig. 16(b) there are two such groups the ex- 
pression and its complement in the first are 000 and 111 respectively 
and in the second 01 and 10; and in Fig. 16,(c) the expression is 
O11, The number of bits in these expressions can range from two to 
the total number of variables used in the table. 

(bo) In cases were the subfunctions are asymmetric in higher 
order variables, columns at the extreme left of the bit configura- 
tion do not change over the range of the subfunction, i.e., they 
remain aS a one or a zero for the length of the column as in colin 
nf" of Fig, 16(c). 

(c) Single columns which occur other than as in (b) above are 
not needed in expressing the subfunction, They merely turn up as a 
zero and a one for each of the other configurations of the table, 
Examples of this are the "a™ column of Fig. 16(a), the "c™ column 
of Fig. 16(b), and the "e" and "g" columns of Fig. 16(c). Such 
occurrences are similar to what takes place in Class I methods such 
as that of Cuine 6) where the single variable will disappear and 
the terms combine when the variable appears in both its true and false 
States along with an unchanging set of co-variables, This is illus- 


trated by the variable x in the expression: 
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xyz + xy 2 = y 2 

The above observations point clearly to some form of comple- 
menting device capable of handling an input of "n" independent 
variables, and providing outputs when these variables are voltage- 
wise either all high or all low, This represents an extension of 
the general "exclusive or" circuits which have been engineered to 
handle only two variables, Since the more seneral complementing 
devices provide outputs for two conditions of the input variables, 
they will herein be called "bigates", The transforming property 
of this device is illustrated’in Fig. 17. 


This symbol X) will be used in logical schematics to represent 
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Figure 17 


this new logical component. To permit the writing of the non- 
Boolean equations previously mentioned, expressions such as the out~ 
put function of Fis. 17 will be written as one term underscored, 
Whenever these underscored terms occur in logical equations they 
imply the use of bigates in final hardware configurations. 

The bigate is not envisioned as a mere combination of existing 


circuit components, but rather as a special transistor-like element 
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capaole of handling multiple inputs and at least one output, These 
circuit elements could be used in combinations along with standard 
"and" gates to represent any of the Symmetric subfunctions so far 
developed, For example, the three hexadecimally represented terms 
which were subdivided in Fig. 16 lead to the hardware configurations 
of Figs, 18(a), 18(b), and 18(c). Note that the configuration of 

Fig. 18(b) gives an output under four sets of conditions, This re- 
sults from the fact that the expression abe a! ef’ contains two under- 
scored groups which are present in either of two States, By induc- 
tion N bigates would imply N factorial (Nf!) combinations each lead- 


ing to an output, 





Ficure 18 
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In Fig. 18(c) the "f" input does not zo through a complementing 
device, Instead this term must be present in its false state before 
it is possible to obtain an output from our device, Terms with these 
properties (see observation (b) above) might be used to adjust the 
"bias" levels of the bigate variables, The schematics used for 
illustrative purposes have pictured the bigate as a grouping of 
elements which could be conventional or new forms of hardware, 
However, to achieve optimum use of configurations based on the sym- 
metric properties of a function, it would be advantageous to have 
Single elements capable of being biased and performing the comple - 
menting function simultaneously, 

Using the bigate as the basic building bleck and the ideas 
just developed, we are able to write a set of rules which enable us 
to go directly from terms of the Hexadecimal Array to a logical rep- | 
resentation of the initial function. We Snould mention here that any 
expressions will still be in an uncombined fom which, by previous 
criteria, are non-minimal, 

Before developing specific rules for writing these logical ex- 
pressions, consider the table given in Fig. 19. This table was con- 
structed for use with the illustrative example being followed but 
Can be adapted and used with functions having a greater number of 
variables by simply expanding that portion of the table above the 
Solid line, The lower case letters appearing in the two colwms 
immediately above the two bit counter represent the system variables, 
Those in the leftmost column are referred to as the higher order | 


variables, while those to the right are the lower order variables, 
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In this table we have listed alongside the two variable coun- 
ter the nine hexadecimal characters which can occur in descriptions 


of symmetric subfunctions, This enables us to select the variables 
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controlled by a given hexadecimal element and also indicates in 
which of its states (true or false) the variable should appear. A 
study of the symmetric properties of these characters shows that 
the following procedures can be applied: 

(1) The variables ordered by subfunction elements are located 
from the table by moving left on the line corresponding to the loca- 
tion of the elements in the Hexadecimal Array. 

(2) The single bit characters 1, 2, 4 and 8 order the two 
variables in the states indicated by the counter elements opposite 
this bit and in the indicated state, e.g., if "k" occurs as the 
bottom element of the hexadecimal term it orders the variables 
ft and e, 

(3) For the bi-bit characters 3, 6 and 9 and C we consider 
only the uppermost bit when we select the variables and their states, 
The symmetries automatically handle the additional bit contained in 


each of these elements, As an example, the character "3" as the 
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bottom element of our six variable function orders the variables 
f and es. 

(4) The character F always orders a "one" along with a lover 
order variable in its false state, The one results from the fact 
that there is complete symmetry in both variables while the lower 
order variable comes from the upper bit of the F in a manner similar 
to (3) above, Thus if "F" occurs as the bottom element of an example 
it also orders the variable om, The "one" is meaningless and adds 
nothing to the expression, 

As we noted earlier, ae variables, if they occur, begin with 
the highest order variable of the basic counter; in our case f, The 
number of such variables which can occur ranges from zero to N, where 
N is the total number of variables, and can be predicted by scanning 
the variables of the subfunction to determine where the first symmetry 
occurs, This scan begins with the highest or ier variable, which 
amounts to looking; at the bottom element of a hexadecimal term, and 
continues toward the lower order variables, Thus if a subfunction 
has symnetry in the highest order variable there is no bias, but if 
the first symmetry occurs later in the scan all variables already 
scanned hecome bias variables, This set of variables represents the 
total bias of the expression, After removing this bias the remaining 
variables either form inputs to one or more bigates or are not needed, 

The unidirectional scan to remove the bias variables necessarily 
begins with the bottom element of the subfunction and progresses up- 
ward, This is equivalent to searching from the highest to lowest 


order variable, 
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Using the table of Fig. 19 and the procedure stated in conjunc- 
ticn with this table we can now write the bias variables directly 
from the hexadecimal terms. First we mignt note as an example that 
the hexadecimal characters 6, 9 and F are each symmetric in the higher 
order of the two variables; in this case f, d@and bow te any of these 
terms appear as the botton element of the subfuncticn, bias variables 
will not be present. On the other hand, the characters 3 and C are 
asymmetric in the higher order of the two variables but symmetric in 
the lower order variable. Hence, if these characters arpear as the 
bottom element, single varisole bias is generated. The renaining 
single bit hexadecimal characters; 1, 2, 4 and &3 are completely 
asymmetric and consequently each generate the two variables of bias 
indicated in Fig. 19. If any of these four characters occur as the 
bottom element of the subfunction the scan mist continue to the next 
element. Thus we assemble .1as variables until the scan encounters 
the first symmetry. In the examrle of Fig. 20(a) this occurs in the 
middle element, C, which is symmetric in the lower order variable. 
Since there are no symmetries in the bigher order variables ali of ' 
these variables together form the bias for ovr logical expression. 

An additional example is shown in Fig. 20(b). For a eemmlete reprc- 
sentation of the initial function se* Fig 2). 

After removing the vias variables we can apply the following 
rules to Uevelop the remainder of tne logical exvoressivn and hence 
hardware configuraticns. These rules and what has been said pre- 
viously apply for any numoer of variables. 

(1) as scon as the first symmetry 15 encountered, we close off 


the bias and begin writing the variables ordered from Fig. 19 as the 
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(b) 


(a) 


FIGURE 20 


a 
Cw 











inputs to the first bigate. For examvle, if the bottom element of 
a six variaple subfuncticn is "C", f is oias and Be is an input to 
the bigate. 

(2) The remaining elements are included as inputs to the same 
bigate until a 3, C, 6, 9 or F appears. The highest order variable 
of either a 3 or ©, cr one in the case cof F, is recorded as the input 
to the bigate. T ese three characters e.ch propagate the false state 
of the lower order variable into the next bigate. This is best illus- 


uy 


trated by a subfunction such as C. The C as the bottom element gives 
a bias cf £ while e is a. +e into the first bigate. The second 
C scanning upward introduces an additional input, a’, into this bigate 
and propagates a s on to the next bigate. The 4 adds two more inputs, 
a and S- to the second bigate. 

(3) Bigates are not required if they receive only one input 
Since this implies that this variable is always present in both its 
states. When this occurs the bigate and the variable are deleted. 

(4) A 6 or 9 breaks the above pattern in that whenever they 
Occur we must automatically disassociate ourselves from the bigate 
begin considered and begin loading the variabcles orderec from the 
table of Fig. 19 by the 6 or 9 into the next bigate. Fig. 20 (b) 
illustrates this property. 

In Fig. 21 the letter "G" 1s used to indicate conventional "and" 
gates. These gates would be eliminated in those cases where they dan 
be associated with a bigate if the final comzonents can be developed: 
with this property. | 

Before corclvding it is interesting to nete that even though the 


general bigate is not available as a single hardware component there 
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is at least one circuit which can be used when there are only two 


inputs. This is the generalized "exclusive or" circuit described 


in Appendix B. By proper arrangement of inputs (three in each case) 


t 
the four bigates which operate on the inputs xy, xy x y or x'y 


can be instrumented. 








10. Combinatorial properties of symmetric subfunctions. 

Fig. 21 displayed the normal results of processing a given 
function mechanically along the lines of its symmetric partitions. 
It is roughly analogous to a two-level gating network obtained 
through Boolean methods. At this point we could entertain the pro- 
spects of operating in the time domain in lieu of, or along with, 
parallel processing. This was suggested when we observed that process- 
ing was performed by unidirectional scans of the occurring signals. 
Processing is always from most to least significant bits and as 
we progress there is no requirement to remember what was done with 
previous bits. However, the parallel network concept is more in 
keeping with the aim of this investisation where we are trying to 
accomplish a task in one gating period with the simplest hardware 
combinations available. 

One subject which should be considered at this point is the 
combinatorial properties inherent in our employment of bigates. We 
can illustrate the characteristics of the bigate along these lines 


using the simple example given in Fig. 22. 





fdbeca’ 


Figure 22 
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We postulate any two functions which must be expressed by 
employing all the input variables. These may be regarded as two 
wholly biased functions, or noise functions, and have no immediately 
obvious interrelationship, either in the domain of congruence or of 
symmetry. Their Boolean expression is fed'cba + ftedeb'a', which we 
can express in the hardware configuration of Fig. 22. Notice that 
the bias variables, eca', are no longer restricted to consecutive 
higher-order variables, but can now exist with breaks. 

With the new combining technique available, we should now refer 
to an observation made earlier in Section 8. It was illustrated there 
that in casting out ae of) terms one might ge so far as to 
cast out non-essential components of existing terms, carrying out 
what was labeled "scans which leave residue". It might be noted in 
the example shown in Fig. 15(e) that more than one wholly bicsed 
term was present. Clearly these can be swept together in pairs 
using the above technique. 

We can provide a relatively comprehensive illustration, Fig. 23, 
of these principles by operating on the function partitioned in Fig. 
15. Let us carry out the scan-which-leaves-residue operation ex- 
haustively se that we might have a term by term breakdown. Terms 
which remain intact will not be altered. Terms which mst yield some 
of their components to the elimination process will have their remain- 
ing parts split into noise components, or wholly biased part®. In this 


illustration we are approaching the level of listing each individual 


minterm. 
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We notice at once that l and 1 could combine into 5 were we 
to allow the non symmetric symbols A and 5. Here is the first hint 
that congruent partitioning can combine with symmetric partitioning 
advantageously, since A and 5 are characteristie of congruent partition- 
ing. However, when we entertain the thought of combining the hexa- 
decimal expressions for congruent and symmetrical partitioning we run 
into a host of semantic problems. The hexadecimal array in either 
system is not compatible with that of its correspondent. This is not 
unnatural when we consider that a property-wise perfect statement 
in one system is generally "noise" in the ether. 

There is a point of contact, however, in the terms which are 
all biased. When all the variables are required to define a term 
in the congruent scheme, the expression which appears is identical 
to the symmetrical expression for the same term. Thus ; which is 
fedeba' in the symmetrical system has the same Pivaltler in the 
congruent system. 

We can begin with this common point and evolve a method of express-~ 
ing symmetrically derived terms having more randomly distributed 
biasing components. Up to this section we were limited to defining 
"bias" signals as the first asymmetricalisignals inherent in the hexa- 
decimal terms when viewed from bottom to top. We can say that a 
Signal which is not bias is a part of an "escillator", and when 


scanning from bottom te top, independent oscillations appear in 
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what we can call "nth order" oscillations. Thus the hexadecimal 
2 

term 3 when scanned upward has first the bias signal f then a 
5 


first order escillator e'd, and a second order oscillator c'ba', 


yielding the complete expanded set, 
fe'de'ba' + fed'c'ba' + fe'tdcb'a + fed'eb'a 


This is shown as the third term of Fig. 21. When treating the 
hexadecimal expressions in this manner, we preclude the existence of 
"mixing" among the types. Our unidirectional sean does not allow 
us to select a term with a "c" bias, for example, if any terms pre- 
vious to it have been involved with an oscillator. 

This situation has an affect on the recombination of terms which 
is clearly inhibitory. We require now the ability to perform two 
jobs, (1) to select terms which can combine advantageously, and (2) 
to express the effect of combining these terms. While neither of 
these tasks has been made te respond to a compact set of rules, an 
illustration using an unrefined procedure is provided. For ease 
of recognition, we will refer to terms in their basic precembined 
state. As we mentioned before, this puts us on a level corresponding 
to the minterm array. Experience with manipulation ree 
extreme simplification unnecessary and computing machinery would 
process the data far more directly. 

First we shall establish a basic method whereby combinable terms 
can be selected. "Combinable" here now means a more random distribution 
between escillator and bias elements will be available. It should 
be pointed out that this illustration will not allow us to proceed 
beyond bias terms and first order oscillators, but this is sufficient 
to point the direction combinatorial methods being developed might 


take. 
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Consider an array of four hexadecimal terms having to do with 
a six +o24eie input. We wish to bring these terms into a single 
expression if pessible. We can do so if we arrange the terms se 
that they will satisfy the following requirements: 

a. One row having the four separate elements 1, 2, ); and 8 

b. Any other row having twe pairs of elements from the set 

1, 2, 4 and 8. 
c. The remaining row having all four elements fo the same 
character, again from the set 1, 2, l and 8. 

Having selected hexadecimal arrays which fit the above desceript- 
ion, we find that we have in reality suggested one set of operations 
common to all ef them. That is, in a system having six input vari- 
ables, we will use five of them always in the configuratien given by 


Fig. 2h. One variable will net appear. 





x sek 4 x 5 





Figure 2 
With reference to terms extracted from Fig. 23, we can then say 


we have the three sets: 
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which are completely satisfied by ovr selection miles as reflected 


in the block diagram of Fig. 2) when the variable distribution is: 


t 


(a) e d e b f, 
(b) a b £ e e, . 
Cc} Cc e f a 


Were we to specify another selection criterion for obtaining 
combinable sets from a subject function, we would be specifying 
another configuration of bigate and conventional "and" gate. We 
are confronted ncw with another class of data, i.e. all the appli- 
cable selection criteria which can be used. The creation and appli- 
cation of selection criteria cannot be an arbitrary process. It 
must oroceed under the inflvece of two major eOeentictn Me one: 

(1) The type and capacity of available circuit components, and 

(2) The continuity over a system of functions. 

Should the processing be contained in computing machinery, the 
first ccnsideration would oe entered as a constraining parameter and 
the second wuld be the result of a statistical system scan conducted 
previous to the reductions discussed in section eight. 

To continue with our operation on the original function given in 


a 


Fig. 23, we se# that the three combined sets above added to the immedi- 
C 
ately observed 2 combination leaves three elements. These may be swept 








together into one wholly biased term, and one combined bigate. Fig. 
25 illustrates these three conditions. We now have our function 


expressed in six terms, 
abcdef cd © ie 
4 | 
2 
a b 


0 


bce f’ : 


| | 
— ia 


(¢) 


ce 
Y 
) 


Dngd 


Figure 25 


If we adhere to the system of expression used previously, we 


can write a new expression for the initial funetion as: 


F = edte f'b + fha!' e'c + fec d'a + fe'dcbta 


+ ftedc' ba + ftecb! 


Still we have not used the symmetrie properties of the bigate 
to their fullest advantage. We know that, when empleying all the 
input variables and one bigate, we can cover two combinations of the 
input variables, namely the one named and its ones complement. We 
have seen that we can combine the output of a bigate with a standard 


"and" gate, and still have two combinations reflected in the output. 
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Now let us reverse this cenfiguration, and set the output of a 


standard gate into a bigate. See Fig. 26. 


Xo Ay Ka 





Figure 26 

We see that we have a response to all four signals "up" and 
seven responses to x, down, allowin;; us to cover half the entire 
spectrum of the possible combinations of all four variables. If we 
held X) a a "control" we find that we can cover a much larger group 
of functions than by using the previous arrangement of hardware 
elements. 

By arbitrary application of these concepts without mechanical 
means, we can operate on our input variables with the hardware 


configurations of Fig. 27. 





Figure 27 
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Using the reman numerals as operators and x, as Signal selection 


>a 
from a left te right scan, we can now write the equation for our 


function as: 
F = I(fe'bdca + ed'c'fba') + II(e'bedf'a) + III (edea'f£'b') 


which allows us te use four basic terms. Since this was accomplished. 
without benefit of mechanical processing, the task has been somewhat 
simplified by the employment ef only the two-input bigate, or "exclusive 
or" circuits. For purpeses ef comparison, Fig. 28(a) shows the four 
partitions of the function as they are ordered to make use ef the 
configurations of Fig. 27. Fig. 28(b) is the final hardware arrange- 
ment. This is the results of applying unrefined combinatorial tech- 
niques which are based on the premise that symmetrical circuit components 
are available. These are still trial and error methods, but can be 


standardized for mechanization. 
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11. Conclusions 

Although the eventual aim of researchers in the field of logical 
design is to produce machines capable of completely designing other 
machines, it is more realistic to first provide the instruments which 
allow man to do this job more efficiently. In the first few sections 
it was showm that an area of logical design that needed attention was 
that which deals with logical network synthesis. Numerous techniques 
have been devised, primarily by mathematicians, which treat certain 
input data and provide reduced logical networks. Unfortunately these 
techniques were derived using simplification criteria which are no longer 
wholly commensurate with the present "state of the art". Since the first 
Boolean reduction techniques were developed the component speeds have 
increased manyfold until now one megacycle germanium or silicon circuits 
with magnetic core and magnetic drum memories organized to operate at 
this speed are not uncommon. Thus the reduced networks which have 
been pushed by machines into two level and-or configurations do not 
necessarily represent an optimal arrangement. In fact, since there = 
So many constraints and variables to be considered, machine methods are 
being shunned by logical designers as inadequate in the field of reduction. 
Instead they rely mainly on their lmowledge and ingenuities to both create 
and optimize their networks. Without more pronounced breakthroughs it is 
doubtful whether the techniques now know will be of any more than mere 
academic interest. 

To make the problem more apparent present reduction techniques 
were compared and their specific inadequacies enumerated. In addition, 


we examined the constraints with which logical designers must deal. 
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A pooling of these inadequacies and constraints clearly provides the 
direction which research must take to produce more realistic reduction 
techniques. This can not be realized until we break away from the 
simple dicde and-or criterion upon which all proponents of new methods 
base their logical reductions. for this reason, the investigation 
presented in this paper begins without defining a criterion. First 
of all there was no intention of producing a method which could be 
called a new "reduction" technique, but rather, as was stated carlier, 
we desired a means by which we could study the symmetric properties of 
response functions. In addition, it is considered premature to 
specify simplification criterion before we have assembled data con- 
cerning other properties and methods by which they might be combined. 
Finally, it is necessary to decide what confirurations of real circuits 
should be looked on as optim. 

The present investigation has provided that part of the data which 
concerns the symmetric properties of the response function. Using a 
partitioning process we extracted sub-functions which had been defined 
as symmetries and permitted closer examination of these new properties. 
Because of the symmetric nature of our sub-functions the investigation 
was directed toward development of symmetric logical expressions. 
These, in turn, provided the specifications for 1etwords using symmetric 
components. Since a primary objective was to provide methods which 
are readily mechanizable, the procedures and notation have been put 
in forms suitable for direct conversion to machine language. This 
WWote that the term optimum is, as usual, ambiguous where undefined. 


The definition is purposely omitted in this case because this is as 
yet an unanswered question. 





involved the use of hexadecimal notation which permits reasonably 
large functions to be handied by hand and, what is mcre important, 
greatly reduces the data processing problems of the computers and/or 
off-line equipments, 5 

The techniques evolved by studying symmetrics now provide a means 
by which the logical designers can automatically specify network con- 
figurations beyond the restrictions of simple and-or two level eseaeuate ° 
Methods have been formulated which produce a three level logic using 
the postulated complementing device, the bigate, and in many cases the 
already availe>le "exclusive or", single transistor, circuit. It 
might be well to mention here that this circuit, the "exclusive or", 
represents considerable saving of components when we consider how this 
operation is performed by diode and-or logic. The simplified circuit 
uses one transistor and several resistors, while the other method employs 
six diodes and a greater number of resistors. In addition, diode 
circuits require current boosters or amplifiers to maintain similar 
power levels. Thus, even though our present logical schematics using 
symmetric hardware may appear more complex, other factors must be con- 
sidered. ne of these is the fact that we camot tell as yet what 
form the more general complementary bigate will take or even whether 
or not available components arranged to act as bigates will lead to 
simplified circuits. In any event we have developed a reasonable 
need for such components and in so doing have empirally provided 
specifications for hardware design to component engineers. 

It is apparent that the use of symmetries alone cannot provide 


the answer to our simplification problems, nor can we hope to 
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produce Simpler circuits in each case by using these techniques. We 


have, hovever, developed a tool that can, in instances, where the initial 
function is inherently syzmetric, produce the most sinple network. 

hs an cxanple, if we were to consider any function that was by itself 
what we previously referred to as sub-functions, the resulting 
expression in syumetric form will be one term. On the other hand, 
available reduction techniques would cive sevoral terms in most cases. 

in addition, it should be noted that the final expressions in symmetries 
have the characteristic expected of reduction methods in that greater 


a) 


Symmetric cover turds to induce simpler circuits. 
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12. Areas reccrmended for Mature investigation and rosearch 

The results of the present investigation have suggested two basic 
types of further work which snould be pursued to enhance our understand- 
ing of logical network synthesis. The first of these treats the 
broader concepts of the logical design problem frem an overall systens 
Viewnoint. As an example, we observe from reviewing the available 
literature that there are no clear guides which specify the constraints 
applicable to any particular design problem. Sven after we have 
detcrmined the constraints, what is their relative importance? How 
do we fit them together and impose them on the design? AL) of these 
questions are in most cases answered differently by individual 
designers. They must rely on their own kmowledge and ingenuities 
without the advantage of formulated procedures to help them. Therefore, 
a study which treats with one or more of the important design constraints 
and evolves rules useful to logical designers is needed. 

The second type problem is more restrictive in scope and tends 
to be more appropriate for thesis type investigations. Some problems 
of this type suggested by the present thesis study are described below. 
A. Hardware development 

Treating the symmetric properties of response functions leads us 
to final logical expressions containing complementary terms. To 
translate these expressions into hardware configurations we postulated 
a complementing hardware device not currently available. This device 
was called a "bigate" since it was capable of performing two separate 
complementary gating actions. There are at least two methods of 
approaching the problem of making these networks physically realiz- 


able. The most straight forward procedure is to produce the gating 
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action with a combination of conventional and-or gates, amplifiers 
and/or invertors as recessary. This appears to have the single 
advantage of providing a compact circuit useful for the very Limited 
applications where we have a single symmetric sub-function. On the 
other hand, we tend to lose the inherent advantages of being able to 
represent portions of larger networks with a relatively simple symmetric 
device. Thus another approach would be to use the generalized 
"exclusive or" gate described in Appendix B as a stepping off point 
and expand its use to — than two input variables. An additional 
aspect of this problem should be to study means of applying biasing 
levels to the element itself. This would eliminate the need for the 
additional "and" gates. 
Be. Mechanization of Partitioning processes 

In section six partitioning was defined as a method by which we 
could extract the inherent properties from the response function. Two 
specific methods, congruences and symmetries, have how been developed 
in considerable detail and in order that sufficient data can be made 
available for further research studies these processes should be 
mechanized. This can be accomplished either by directly programming 
a general purpose computer to carry out the rules which have been 
specified or by designing and constructing a special purpose data 
processor which can apply the definitions of the desired properties. 
A suggested methai in the latter case would be to use combinations of 
read-write devices along with a drum storage. The spacing of the 
read heads would be determined by the order of the congruence or 


symmetry to be extracted. Yor example, if we were looking for 
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symmetry or congruence in the lowest order variable the heads 


would be separated by only one bit position. To extract higher 
order symmetries and congruences individual networks would be re- 
quired but the same read head arrangements could be used. A data 
processor of this type could be sufficiently flexible to enaole us 
to study additional properties of response functions besides con- 
gruences and symmetries. 
C. Define and examine other properties of the response function 
Another form of symmetry is suggested by the neat package of 
Mexclusive or" gates which can be used to represent the sum digit 
of a binary adder. The adder must form a logical sum of three 


digits and is best shown by the following table: 


Input digits Sum digit 
e b a S 
eo 68.0 0 
oO; 6 1 (6 
ma ek O 1 
So i i 0- 
1 3Oy O 1 ) 
mo 2 0 (9 
_ -£ O 0 | 
-ow 1 1 


Table 2 


The signal S may be *xpressed mathematically by the following 


logical equation: 


S=(a@b)@c 





This equation indicates that the sum signal S may be formed by combining 


yp. 








the signals "a" and "co" in accordance with the “exclusive oc 
operation and then combining this output in a second "sxcliusive 


or" cate with “e". This is shown below. 


a 


_ | 


Figure 1- 


In table one we cbserve that the signal S can be represented 
hexadecimally as 6. This is a property which we could extract by 
complementing the bottom four bits of the function and then folding 
upward to recover the normal "“c" symmetry. 

D. Sequential operations. 

Still another property can de introduced if we remove the 
parallel opsrating restrictions and spread the vroblem in times. 

This might best be studied by defining a time varying eontrol function 
which could be aligned alongside the normal response function. The 
frequency which with this control function changzd wuld have to be 

in excess cf the naturel bit rate to nermit a sequence of operations 
on the infut variables during each vit time. As the control function 


Changed it would designate the allowable input configurations; all 
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others will be redundant. This amounts to time sharing circuit 





elements since the gates would be active for the particular con- 
figuration only during a specified segment of a bit time. Process- 
ing the data in a controlled sequential manner sch as this is 
analogous to the use of control functions in DDA Operations. In 
both cases the control functicn is used to establish the time 


pattern of operations. 


4 
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APPENDIX A 


POSTULATES AND LDUNTITIES OF BCOLSAN ALGSBRA 


A. 1 The postulates of boolean algebra [20] 


(la) 
(Ib) 
(2a) 
(2b) 
(3a) 
(3b) 
(ha) 
(ub) 
(5a) 
(5b) 
(6a ) 
(6b) 
(7a) 
(7b) 
(8a) 
(8b) 
(9) 

(10) 
(11) 
(12) 
(13) 


atb= bia 
ab = ba 
at+(b+c) = (a+b) te 
a(bc) = (abj)c 

a(b +c) = ab + ac 
a+be = (a+ b)(a +c) 
ara= a 


a°a =a 


0 
0 
meter 1 
z 
ata = 1 


- at d' 
(a+b)' = a'b 
(a')' = a 
a@®b = béOa 
aga = O 
260." a 


a@ai «= a @ae«= il 


96 


Commutative laws 


Associative laws 


Distribution laws 


The idempotent laws 


The laws of operation 
with zero 


The laws of operation 
with one 


The laws of complen- 
entarity 


The dualization laws 


The law of involution 





A. 2 Useful 
(a) 
(b) 
(c) 
(da) 
(e) 
(f) 
(g) 
(h) 
(4) 
(3) 


(x) 


a@él-=a 


l@Oa-ez= a 
boolean identities 
at+tab = a 
ata'b = a+b 
a(a' + ab) = ab 
a(a+b) =a 

a(a’ +b) = ab 


(a+b)(a'+ c)(b+ec) = (a +b)(a’ +c) 


° 
acta'b+bce = ac + a'b 


(a + b)(a' + c) = ac + a'b 
a@®b = a'b + ab’ 


a, 9a, © «++. @a,=> all products with an odd mmber 
) of true terns 


a@b@c = a/b/c 








APPENDIX B 


Tee SfolOtiZeD "SLCLUGIVE GRE GATE 
several years ago the "exclusive or" transistor circuits of 
Fig. l(a) and 1(b) were developed, patented and placed in use at 


Litton Industries, Beverly Hills, California. 


A A 
OUTPUT t OUTPUT 
! > ! ' 
R (AB' + BC) RS (AB + A‘B) 
—_ |—— 
Ry a J : So ae - 

B -—AN If / ay as I 
v = B a) ee a= 

y S, 

A 


(a) (b) 


Figure 1 


The circuit of Fig. 1(a) handles three wmrelated signals and is 
called the standard "exclusive or". Fig. 1(b) uses the false state 
of "A" as an input vice "C" and is considered a special case of Fig. 
l(a). These circuits can be cascaded directly to form a chain of 
"exclusive or" circuits. However, when they feed into dicde gates 
current boosters should be used to act as buffers between the 
"exclusive or" and diode logic. This is necessary since the output 
from either of the two circuits shown is partially degraded in volt- 
age and power from the levels of the inputs. 

The manner in which the output signal is produced and the precise 
nature of the relationships existing between the levels of the output 
Signal and the levels of input signals can be clarified by consider- 


ing the operation of the basic transistor circuit. This must be 
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Gone for each possible combination of levels of the bilevel input 


signals A, B and C of Fig. 1 (a). These combinations are all given 


in Table 1 along with the level of the cutput produced in each case. 


Combination Level of input Level of output signal 
Signals assuming the transistor is 
Ge BA PNP NPN 
1 oO 0 0 0 
2 FO 1 0 1 
3 0 1 0 0 0 
L Otl 1 bi 0 
5 10 0 1 0 
6 ao? i il 1 
if ian *0 0 1 
8 1s an 1 1 
Table 2 


The following description is for the PNP transistor. A similar 
treatment considering the transistor as an NPN type produc¢s an out- 
put given oy the extreme right column of Table l. 

Combination 1. Since there is no source of a higher voltage 
level, the cutput Filet Aust also be at a low level. 

Combination 2. A high, B and C low. Since signal A is high 
and signal B is low, the P-N collector-base junction will bse forward 
biased, causing it to be highly conductive. Consequently the 
collector and base will be at nearly the same voltage level, A 
current I, flows across the junction from the collector into the 
base and a nearly equal current flows from base to emitter. The 
resultant base current I, . I. - I, is nearly zero, hence no 
apcreciable voltage drop can occur across the base resistor, R, 0 


Thus the base and collector are both at the low level of B. 


a 





Combination 2. A and C low, Bhivh. In this case both 
junctions are back biased so that they are non-conducting. Hence the 
output signal assumes the level of the sipnal C which is low. 

Combination i. A and B high, C low. The emitter-base junction 
is back-biased, non conducting and there is no effective bias across 
the collector~base junction so that it too is substantially non-con- 
ductive. Since no current is drawn through the collector the output 
Signal at the collector corresponds tc A and is high. 

Combination 5. <A and B low, C high. The emitter-base junction 
is forward-biased conductive so that the base assumes the high level 
of the emitter, 0. Because of inherent transistor action current 
flows across the back-biased collector-base junction and the collector 
assumes the high voltage level of the base. 

Combination 6. A and C high, B low. Both junctions will be 
forward biased, thus the voltage level of the base corresponds to the 
high level of the emitter. This high level is carried over to the 
collector by the highly conductive emitter-base junction. 

Combination 7. 3B and C high, A low. The collector-base 
junction is back-biased non-conducting while the emitter-base junction 
is essentially unolased. Therefore, the collector or output assumes 
the low level of A. 

Combination 8. A, 8, and C high. Since there is no source 
of low voltage, the output is high. 

Fig. 1(o) depicts the same circuit just described Bitte (ale jay 
replacing C as the signal being applied at the cmitter. If we make 


this substitution into Table 1 it is apparent that the output is the 


LOO 








Nexelusive or" function. 


An important feature of this transistor gate is that we realize 
a considerable har:hrare reduction whenever the outnut function of 
Fig. 1(a), AB' + BC, or other adavtations of this function are 
mechanized. Using the triple inout transistor circuit enables us 
to product the output involving tne false state of B without pro- 
viding this level of B amcng the inputs. If we mechanize to obtain 
the output with and-~or logic alone it is necessary to provide all 
Signals which occur as part of the output ee In those 
cases where tne complement is not readily available it necessitates 
adding an inverting amplifier to form the signal Bi. To complete 
the mechanization we must use two "and" gates and one "or" gate each 
comprising two diodes and one resistor. Thus wa need one inverting 
amplifier, six diodes and three resistors by prior art techniques 
but only a single transistor and a few resistors by the triple input 
transistor gate. 

Note also that it is a simple matter to obtain the "equal or" 
function mentioned in section six merely by making the following 
substitutions in Fig. l(a). let A=A,B=BandG=A. The 


output becomes A'B' + AB. 
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APPENDIX C 
THREE BY THREE BIT MULTIPLIER 
The response functions of the following three-by three bit 
multiplier are used as arbitrary functions to show further ex- 
amples of symmetric partitioning. The mltiplier is "cba" and 


the multiplicand is "fed" while F, B, D, C, B and A special y 


hexadecimally the six 6 bit response functions. The "D" function 


ng 
c 


d 
a 


€ 
b 


eb db 
dc 


rx 
Q 
to 
> 


NIODWORPRPO0O000O0C0C00O 000 
OY OF MOWOWwWoo0ocd0odcd°o 
~- Ar Om awWwWwwarWood0drao 
MOAI AWK SUNS wm wWwwitoood 
WAWUUWW OOH AMNUIW WO O 
WU O OVIVLO OVIWMNODOWMNVIO O 





should be recognized as the function treated in sections six through 
nine. 

We can now partition the remaining functions into symmetric 
functions, and, where these do not provide complete cover, a 


characteristic noise function, & . The only truly symmetric 
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function as defined in section six is the "E" responses. In this 
case there is no noise function. To permit easy reference the 
following tables inclide both the symmetric sub functions and con- 


gruences. The symmetries are tabulated down the left half of the 







page while the congruences are to the right. Note that the "A" 


function is completely asymmetric and consequently must be repre- 














sented as all noise in the symmetric system. Since each column 


and the individual tables specify the degree to which 2 function 





is either congruent or symmetric in that input variable, the 
absence of data in a column means the function is non-congruence 


or asymmetric in that variable. 


A Function 


Initial Symnetries Congruences 
Function 


Pad 


fedcba fedcba S&S 


ct 


0) 0 00 00 
0 0 00 90 
5 5 55 85 
5 5 C5 eS 
0 0 00 00 
0 @) 00 00 
5 5 Sos es 
5 5 65 55 
0 0 00 00 
0 0 00 O00 
5 5 Sao ono 
5 5 Babe oe 
0 0 00 0 0 
@) 6) 00 00 
5 5 es eS 
P) 5 55 55 
16 16 16 16 16 16 dit count 
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Congruencies 


Symmetries 


f edeba 


& 


{ff @© gd cbs, 


OOMNMNDOWDVWDWDIWOMNMNMNOAOW0AO 
DOODONMNNDOWDDIVOODONWNOO 
ODO MNMIMNWDO OW O OD E|NMNWNWO 0 
oooostTaaTOOoO0OoOfAA SS 
OONNDOONNODONNOONN 


OOMNMDANOWO OOMMNWNWOo 


O00 0nHnHOOCCOOnmAMOO 


OOMMOAODWDWDDWBMNNDOOWO0O0 
oo0o0qo0o O00 00000 0%0%0 
O9O00 000000000 00%0 
OOO OSAINNOOOOSANN 
OONNTSTOOOONN STAT OO 


@Q@OnNnataoooonnatO°O 


OOMNMNNMNO0 DOMMMNIN 0 0 


2 8 2 Be 


hy 


Goer so 8 6 


O bit count 


C Function 





: 
—_— ff 
6 a tel 
Je & 
aes 


Conrruencies 


symmetries 





function 


fe dade b Be S&S 


S 


if e . @ °c bd a 


OOVKsMNAMNOOOMOOCOO0C00OMO 
OOVOkHOOONMNNNWN gdoownod 
OOVDONMNAOWWMNWOOO0 OO 
OOCVONFANMANOWNOW ON O 
OOWAWDVOAAANO SAIN O 


OVO GNNNDWOOO BNN NC 


oOooo0o0000nrnrOoOOOOUOCO Oo 


OOOKh”ANOADAODWDOOOMNO 
OOOFmOODOONDOAOO0O00N CO 
OOWDWVWDVVAOOOW qow FA® 
ODOWOWOMNDIDOWNDO wOO’O O 
OOOO MNODO OC HnAATNANN © 


OWVOOANND ATatATOWO OOO 


OV OHhNAMNNA AMNMW aro © 


bit count 


12 16 12°13 316-72 


1 


L2 Leaner 12 


28 
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Congruencies 


Symmetries 





s 


adc ba 


€ 


a 


S 


[ema Cc ob aA 


QDo09000OHOCOCOOT0O0090 


OoooonrcocoooqoOCo 
DOODOWDOOmMOAODAODIDOIOOWNO s 
DODOVDDODDOOMMNNNOONN 
DODODDODOONANNANNDA NO 
DODODDODOOONTANANTAN AN 


DOODDORDOMOVDIVDIDOA OCD 
g 


OCOo0000Q000C00O0CO0C0C0O0 ON 


DODODOOHROOMMMNOOO OO 
DODO OHOODODOW ONES 
QDOVDWDDOOHDMWOONANTAOO 
OO0C0COMHONOOTSOATNO 


DODOWDDVOOOCOAHOMNANOO® 


DODWDOWDVOOMOMNDADCO 


DODVDOhHAOMMNMN ONAN aS N 


Al 


8 8 6 6 Gah 


E Function 








Initial 


Congruencies 


symmetries 


VA) 


S fedceba 


f ede i ba 


OOWDOODOONORT,ROOODCOCO 
Oo90To0O0C0COCO0OnR0 gZOCO0C0O 
ooo0o0ooqoooo°oocoo 0 onr- 
OOOTOOCOO0OOMROMHAnDA HO 
OQ ooo@eo0O00 00700000 


oooooooonrocoocdocc Ceri 


SroQoQqoqoo non OCOOoOoOno0 0° 
Ooo0o000 00 0OR00000N 
SOocooOCcoqco Toc CO Oo nm ed 
OoOoo00000000 00 HOXHA® 


GSOCoo0ooocooeoeom om Hono 


CODDDDOMNOHOMA OHA 


bit count 


2 610 2 Om 


See Fite Fs 13) a 


Ww 
ri 
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Congruencies 


Symmetries 


f ede ba 


fore vaeG bh a 


CO90O00000 0000 00 01 


Ooo0o0c0o00o0o00 00M0NM 


oeo0o0C0CO0O0O0C00RF 00 0 € 


Ooo°o0o0o°oo0o0co0cCFF O0O00 


. cd 
OOOO OCOCOOCOOC OO OOM om 


OO0O9O9000 0000000 Or} 


OOO OOO OO OOO OO rom 
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